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Abstract 
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algebras. 
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1 Introduction 

In this paper, we consider finite dimensional algebras over a commutative field K with characteristic 
zero. Let -3 be a Jordan algebra. A bilinear form i? on -3 is said associative if B satisfies B{xy, z) = 
B{x,yz), yx,y,z e -J. Moreover, if B is nondegenerate and symmetric, we say that B is an associatif 
scalar product of 5. In this case, (5, B) is called a pseudo-euclidean Jordan algebra. It is well Known 
that, the semi-simple Jordan algebras are pseudo-eucHdean (see [I], [8], [Hj). But there are many nilpotent 
Jordan algebras which are pseudo-euclidean (see the second section of this paper and [4]). 

It is well known that, to any pseudo-euclidean unital Jordan algebra, one can apply the Tits Kantor 
Koecher construction [TKK construction) to obtain a quadratic Lie algebra ([Hj, [TOj, [Hj)- In section [21 
we slightly modify this construction in order to obtain a 3-graded quadratic Lie algebras Q = Q-i®Qo®Qi, 
starting from the pseudo-euclidean Jordan algebras [Q^ B) which are not necessarily unital. We also call 
this modification the TKK construction. Recall that the Lie algebra Q of Lie group which admits a bi- 
invariant pseudo-Riemannian structure is quadratic (i.e. Q is endowed with a symmetric non degenerate 
invariant (or associative) bilinear form B . Conversely, any connected Lie group whose Lie algebra Q 
is quadratic is endowed with bi-invariant pseudo-Riemannian structure [13] . In [12j . A. Medina and 
Ph. Revoy have introduced the notion of double extension and used this notion to give an inductive 
classification of quadratic Lie algebras. 



The principal objective of this paper is to study structures of pseudo-euclidean Jordan algebras and to 
give inductive descriptions of these algebras. In [4j, it is shown that any pseudo-euclidean Jordan algebra 
is the orthogonal direct sum of irreducible ideals. So the study of pseudo-euclidean Jordan algebras is 
reduced to study the irreducible ones. In order to obtain informations and inductive descriptions of the 
irreducible pseudo-euclidean Jordan algebras, we introduce in section [3] some notions of double extensions 
namely the double extension of pseudo-euclidean Jordan algebras and the generalized double extension 
of pseudo-euclidean Jordan algebras by the one dimensional Jordan algebra with zero product. Next, in 
the sectional we show that any pseudo-euclidean Jordan algebra can be obtained from a finite number of 
elements oiU (where U is the set constituted by the algebra {0}, the one dimensional Jordan algebra with 
zero product and the simple Jordan algebras) by a finite sequence of orthogonal direct sums of pseudo- 
euclidean Jordan algebras and / or generalized double extensions by one dimensional Jordan algebra with 
zero product and / or double extensions by simple Jordan algebras, recall that the classification of simple 
Jordan algebra is we description is well known (see. [3], [7], [E], [H]. In particular, we can construct all 
nilpotent pseudo-euclidean Jordan algebras from the null algebra {0} and the one dimensional Jordan 
algebra with zero product using the generalized double extension by the one dimensional Jordan algebra 
with zero product. We shall construct, in section [51 all nilpotent pseudo-euclidean Jordan algebras of 
dimension less then or equal to five. The list of these algebras shows that all nilpotent pseudo-euclidean 
Jordan algebras of dimension less then or equal to four are associative and that the smallest dimension 
of non associative nilpotent pseudo-euclidean Jordan algebra is five. 

Sections IH and [7] are devoted to study symplectic pseudo-euclidean Jordan algebras and their con- 
nections with the symplectic qudratic Lie algebras. A pseudo-euclidean Jordan algebra (3, B) is said 
symplectic if it is endowed with a skew symmetric nondegenerate bilinear form : -J x ^ — > K which 
satisfies 

uj{xy,z)+uj{yz,x)+uj{zx,y)^Q, Va;,?/,zeJ. (1) 

Such form, is said a symplectic form of 3. Recall that in jTB] and [17], a Jordan algebra Z is symplectic 
if it is endowed with an antisymmetric bilinear form not necessarily nondegenerate uj : Z ^ Z — ^ K 
which satisfies ([T]). In the case where lo is nondegenerate, V.N Zhelyabin ([H], [17]) has obtained some 
results which similar to known results in the symplectic Lie algebras. If (5,i3,a;) is a symplectic pseudo- 
euclidean Jordan algebra, we show that there exist an invertible derivation D of 5 satisfying u){x,y) = 
B{D{x),y), Vx, y & Z- Next we prove that Z is nilpotent and U ~ D^^ is a solution of the Jordan Yang 
Baxter equation. We show in section [S] that the symplectic form uj may be extended to the quadratic Lie 
algebra obtained by the TKK construction starting from {Z,B), if and only if the derivation D checks 
the following condition: 

[D,[R{Z),R{Z)]]^[R{Z).R{Z)], (2) 

where R{Z) = {Rx^ x ^Z} and : Z — > Z, y ' — > yx. If D satisfies the condition ^ above, we obtain 
a symplectic quadratic Lie algebra from a symplectic pseudo-euclidean Jordan algebra. Moreover this 
symplectic quadratic Lie algebra is a Z2— graded symplectic quadratic Lie algebra (see Remark [5]). In 
section ini we give examples of non associative symplectic pseudo-euclidean Jordan algebras such that the 
quadratic Lie algebra obtained from these examples by the TKK construction are symplectic and pseudo- 
euclidian. Let us recall that the Lie algebra of Lie group which admits a bi-invariant pseudo-Riemannian 
metric and also a left-invariant symplectic form is a symplectic quadratic Lie algebra. These Lie groups 
are nilpotent and their geometry (and, consequently, that of their assiciated homogeneous spaces) is very 
rich. In particular, they carry two left-invariant affine structures: one defined by the symplectic form and 
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another which is compatible with a left-invariant pseudo-Riemannian metric. Moreover, if the symplectic 
form is viewed as a solution r of the classical Yang Baxter equation of Lie algebras (i.e. r is an r- matrix) , 
then the Poisson-Lie tensor n — — and the geometry of double Lie groups D{r) can be nicely 
described in [Sj. In addition, the symplectic quadratic Lie algebras were described by the methods of 
double extensions in [T] and Further, in [5], it is proved that every symplectic quadratic Lie algebra 
{Q,B,uj), over an algebraically closed fields K, may be constructed by T*— extension of nilpotent Lie 
algebra which admits an invertible derivation. 

In order to give an inductive description of the symplectic pseudo-euclidean Jordan algebras, we 
introduce in section [7| the notion of symplectic pseudo-euclidean double extension. More precisely, we 
prove that every symplectic pseudo-euclidean Jordan algebra may be constructed from the algebra {0} by 
a finite number of symplectic pseudo-euclidean double extension of symplectic pseudo-euclidean Jordan 
algebra 

In the section m we introduce Jordan-Manin algebra {^,B) (i.e. = h{ (BV,B) where U and V are 
two completely isotropic subalgebras of Z) and the notion of double extension of Jordan-Manin algebras 
in order to describe the nilpotent Jordan-Manin algebras. We will show, in Proposition 18.71 that every 
symplectic pseudo-euclidean Jordan algebra over an algebraically closed fields K is a symplectic Jordan- 
Manin algebra (i.e. (3 = © V,B,uj) where U and V two subalgebras of 3 completely isotropic with 
respect to B and oj) . Finally, we give an inductive description of symplectic Jordan-Manin algebras over 
an algebraically closed field by using the notion of symplectic double extension of symplectic Jordan- 
Manin algebras. 

By using some results obtained in the previous sections, we give in the section 9 some new characteriza- 
tions of semisimple Jordan algebras among the pseudo-euclidean Jordan algebras. These charcterizations 
are based on representations of Jordan algebras, operators of Casimir type and the index of a pseudo- 
euclidean Jordan algebra. 

2 Definitions and preliminary results 

Jordan algebra 3 is a commutative non necessary associative algebra which satisfy: 



where Rx is the endomorphism of 3 defined by: Rx{y) ■= xy — yx, Vy € Z- 

This equality is equivalent to [Rx,RxA — Oj ^^^D ^ v5- In Jordan algebra, the following equality are 
satisfied: 



x{yx^) = {xy)x^, Vx, y £ 3, 



(3) 



2{x, y, zx) + (z, y, x^) = 0, Vx, y,z eZ where (x, y, z) = {xy)z - x{yz), Vx, y, z e 3- 
[Rwz.Rx] + [Rzx.Rw] + [Rxw.Rz] = V.T, z,w eZ- 

Rxy^z RxRyRz ~^ RzxRy ^ Ry{zx) ~^ RzyRx ~^ RzRyRx — X, Z € ^. 
[Rx7 [RyiRz]] = R{y.x,z) = R[R,,Ry\{x)^ Vx, y, Z G 3- 



(4) 
(5) 
(6) 

(7) 



For more informations about Jordan algebra see [7] , [T^ , [8] and |TT] . 



Definition 2.1 Let Z he a Jordan algebra. 



(i) A bilinear form B on Z is called associative if B(xy, z) — B{x, yz), Vx, y, z £ -3- 
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(ii) If B is a nondegenerate symmetric and associative bilinear form on Z, we say that (ZtB) is a 
pseudo-euclidean Jordan algebra and B is an associatif scalar product on -J. 

In the following proposition, we are going to give a characterization of pseudo-euclidean Jordan algebra. 

Proposition 2.1 Let ^ be a Jordan algebra. Then 3 is pseudo-euclidean if and only if its adjoint repre- 
sentation and co-adjoint representation are equivalent. 

Proof. Let 5 be a Jordan algebra, R (resp.p) be the adjoint (resp.coadjoint) representation of J (see the 
definition or a representation of Jordan algebra in Proposition 13. II of section 3). Recall that: 

R : Z > End{Z) and p : 2 — > End{y) 

are defined by R{x)y := R^iy) = xy et (^p(a;)/^:= / oi?^, \fx,y £ 3,V/ £ T. 

Assume that 5 is pseudo-euclidean Jordan algebra, then there exists a bilinear form B : ^ x ^ K 
which is symmetric, non-degenerate and associative. Consequently, the map </? : 3 ^ 5* defined by: 
ip{x) := B{x, .),Va; G Zi is an isomorphism of vector spaces which verifies: 

v{Rx{y)^ {z) = B{xy, z) = B{y, xz) = (^p{x)(p{y)^ {z), Vx, y,z eZ- 

Which proves that ip o R^ = p(x) o ip, Vx G Z- It follows that the representations R and p are equivalent. 

Conversely, suppose that the representations R and p are equivalent, then there exists an isomorphism 
of vector spaces (j) : Z Z* such that (j)o R^ = p[x) o Vx e Z- Now, we consider the map T : 3 x 5 ^ K. 
defined by: T{x,y) :— (f){x){y),\/x,y € Z- Since </> is invertible, then T is non-degenerate. Moreover, T 
is associative, in fact T{xy,z) — 4>{xy){z) — (l>{R{y)x){z) — (p{y){<p{x)){z) = 4>{x){zy) — T{x,zy) = 
T(x,yz),\fx,y, z G Z- It is clear that T is not necessarily symmetric. We consider the symmetric (resp. 
anti-symmetric) part Tg (resp. T^) of T defined by: Ts{x,y) = i(T(x,j/) -\-T{y,x)), {resp.Ta{x,y) = 
^(r(x, y) — T{y, x)), Vx, y G 5. It is clear that T is associative if and only if Tg and are associative. 

Let us consider ^ {x e Z lTs{x,y) = 0, Vy G Z] and Za ^ {x ^ Z /Ta{x,y) = 0, Vy G Z}- The 
fact that T est non-degenerate implies that Zs f^Za = {0}. Let x,y,z ^ Z, since Ta(xy, z) = Ta{x, yz) = 
—Ta{z, xy) = —Ta{x, zy) then Ta{xy, z) = 0. It follows that Z^ = ZZ is contained in Za- Moreover and 
Za are ideals of Z because Tg and Ta are associative. Consequently, Zl ^ Zs Za — {0}. Now, let W 
be a sub- vector space of Z such that 3a C W and Z = W O Zs- Consider : 3s x 3s ^ K be a non- 
degenerate symmetric bilinear on 3s. Since 3^ = {0}, then F est associative. Therefore the bilinear form 
L : 3 X 3 ^ K defined by: = T'si,^,^^-, L^j^^j^ = F, L{W,Zs) = i(3s,M^) = {0}, is symmetric 

non-degenerate and associative. Then (3, L) is a pseudo-euclidean Jordan algebra. □ 

Definition 2.2 1. Let (3, B) be a pseudo-euclidean Jordan algebra. An ideal I is called nondegenerate 
(resp. degenerate), if the restriction of B on X x X is a nondegenerate (resp. degenerate) bilinear 
form. 

2. A pseudo-euclidean Jordan algebra is called B— irreducible, if Z contains no non-trivial nondegen- 
erate ideals. 

One has the following lemma whose proof is straightforward. 
Lemma 2.2 Let {Z,B) be a pseudo-euclidean Jordan algebra andX be an ideal ofZ- Then, 
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(i) is an ideal of Z andll'^ = {0}; 

(ii) If I is nondegenrate, then -3 —X(BT^ and is a nondegenerate ideal of2j 
(Hi) If T is semisimple, then T is nondegenerate. 

Proposition 2.3 Let be a pseudo-euclidean Jordan algebra. Then, J = ©[^i3i, where for all 

1 <i<r, 

(i) Zi is a non degenerate ideal; 

(ii) Zi contains no nondegenerate ideal ofZi- 

(Hi) For all i ^ j , Zi o,nd Zj are orthogonal. 

For more details about this decomposition, see [4j. 

Definition 2.3 Let Z be a algebra. 

(i) [ZtZiZ) '■— Vect{{x,y,z) :— {xy)z — x{yz); , x,y,z ^ Z] is a vector sub-space of Z called the 
associator ofZ- 

(ii) The vector subspace Ann{Z) '■— {x ^ Z\ xy ~ yx — 0,Vj/ G J} of Z is called the annulator of Z- 

(Hi) The vector subspace N{Z) :— {x G Z\ ix,y,z) — {y,x,z) — {y,z,x) = 0, Vy, z £ Z} is called the 
nucleus of Z- 

Remark 1 1. In the case of Jordan algebra Z, the nucleus N{Z) of Z coincide with the center 



Z{Z) -.^ {x N{Z); xy^yx,yyeZ}ofZ. 

2. Let (-3, H) be a pseudo-euclidean Jordan algebra. Since B{{x, y, z),t) — B((y, x, t), z) ~ B{{z, t, x),y) , Va;, y, z G 
Z, then N{Z) ^ Z{Z) := {x G Z] {x, y, z) = 0, Vy, z e Z}- 

Proposition 2.4 Let (Z, B) be a pseudo-euclidean Jordan algebra. Then, 



Proof. 1. The fact that B is associative implies that Z'^ C yAnn(Z)j ■ Conversely, let x G (5^)^ and 
y £ Z- Then B{xy, z) = B{x, yz) = 0, Vz G Z- Since B is non-degenerate, then xy = 0. Thus, x G Ann{Z). 
Hence, i^)- C Anni^). We conclude that (AnniZ))'^ Z^. 



2. Let x,y,z Z and let u G Z(Z), B{X,u) — B{{xy)z — x{yz),u) — B(x,y{zu)) — B{x,{yz)u) = 
B{x,y{zu) — {yz)u) — 0. Which proves that (3,5,3) C (^Z{Z)^ . Conversely, let x G (3,5,3)^- 
B{(x,y,z),u) = B(x,(u, z,y)) ~ and-B((j/, x,z),u) ~ B{x,{z,u,y)) — 0, Vy, z, u G 3- Since B is nonde- 
generate, then {x,y,z) = (y,x,z) = 0. Hence, x G Z{Z). Therefore, (3,3,3)''" C {Z{Z)]. Consequently, 







(z{Z)) =(3,3,3). □ 
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Corollary 2.5 Let {Z,B) be a Jordan algebra. If Z ^ {0}, then {Z,Z,Z) 7^ Z- 

Proof. Suppose that (3,5,5) ~ Z- Let Rad{Z) be the radical of J, 5 be a semi-simple subalgebra 
of 3 such that Z = S ® Rad{Z). The fact that (C5,3,3) = 3 implies that {S,S,S) = S. Since, by 
Proposition 12.41 {S, 21) is a pseudo-euclidean Jordan algebra (where 21 is the Albert form of S) , then 
Z{S) = iS,S,S)^ = {0}. Therefore, By Theorem 4.7 of 14J, S = {0}. It follows that 5 = Rad{Z), 
consequently Z — {0} because Z is nilpotent and {Z, Z, Z) ^ Z- O 

Corollary 2.6 Let (Z,B) be a pseudo-euclidean Jordan algebra. If Z 7^ {0}, then Z(Z) 7^ {0}. 

Now, we shall recall the notion of the T*-extension of the Jordan algebras. This notion was introduced 
by M.Bordemann in [4] in order to study algebras endowed with associative non-degenerate symmetric 
bilinear forms. Let ^ be a Jordan algebra, Z* be the dual space of Z and 9 : Z >^ Z — > Z* be a bilinear 
map. On the vector space 5 = 5 ffi 5*, we define the following product: 

{x + f){y + h) = xy + hoR^ + foRy + 9{x,y), '^x,y e Z, f, 9 e Z* ■ (8) 

Proposition 2.7 Z endowed with the product above, is a Jordan algebra if and only if 6 is symmetric 
and satisfies the following identity: 

9{xy, x'^) + 9{x, x) o R^y + 9{x, y) o R^2 = 9{x, yx"^) + 9{y, x^) o R^ + 9{x, x) o RyRx, Vx, y eZ- (9) 

In this case, the bilinear form B : -J x -3 ^ K defined by: 

B{x + f,y + h) = fiy) + hix), \^x,y e ZJ, 9 e Z* , 

is an associatif scalar product on Z if and only if 9 satisfies 

9{x,y){z) = 9{z,x){y), yx,y,zeZ- (10) 

Definition 2.4 If Z is a Jordan algebra and 9 : Z ^ Z — > Z* is a bilinear map which satisfies Q and 
([721, then the pseudo-euclidean Jordan algebra Z is called the T* — extension of Z by mean of 9 and 
denoted TgZ- 

Remark 2 If Z is a nilpotent Jordan algebra, then TqZ is a nilpotent pseudo-euclidean Jordan algebra. 
But if Z is a semi-simple Jordan algebra then TqZ is a pseudo-euclidean Jordan algebra which is not 
nilpotent nor semi-simple, because Z* is a nilpotent ideal of TqZ and (TqZ)'^ = TqZ- Which show that the 
class of pseudo-euclidean Jordan algebra is very rich. 

Now, we will give an inductive description of pseudo-euclidean Jordan algebras by using the notion of 
double extension. Let us start by introducing some Jordan algebras extensions. 

3 Some extensions of Jordan algebras 
3.1 Central extension of Jordan algebras 

Let Zi be a Jordan algebra, V be a vector space and if '. Zi x Zi — >■ V be a bilinear map. On the vector 
space Z — Zi ®V we define the following product: 

{x -\- v){y + w) = xy + Lp{x, y), Vx, y & Zi,v,w G V. (11) 
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It is easy to cheks that Z endowed with the product pT|) is a Jordan algebra if and only if (p is 
symmetric and satisfies: 

We say that Z is the central extension of Zi by V (by means of (^). In this case, V is contained in the 
annulator of Z- 

3.2 Representations and semi-direct products of Jordan algebras 

Let Zi be a Jordan algebra, V be a vector space and tt : Zi — *■ End{V) be a Hnear map. On Z — Zi®V 
we define the following product: 

{x + v){y + w) = xy + ■n{x)w + 'n:{y)v, \fx,y £ Zi,v,w € V. (12) 



Proposition 3.1 Z endowed with the product is a Jordan algebra if and only if t: satisfies the fol- 
lowing conditions: 



(13) 



{i)'K{x^)'K{x) — 7r(x)7r(a;^) — 

{ii)2TT{xy)TT{x) + Ti{x'^)Ti{y) — 27r(x)7r(y)7r(a;) — TT{x'^y) — 0, Vx, j/ £ 3i- 
In this case tt is called a representation of the Jordan algebra Zi in V. 

Remark 3 Recall that T*qZ — Z ® Z* endowed with the product 

{x + f){y + h) = xy + h o + f o Ry, \fx,y (EZ,f,g& Z* , 

is a Jordan algebra. Thus p : Z > End{Z*) defined by p{x)f = / o i?^,, Vx £ 3, is a representation of Z- 

This representation is called the co-adjoint representation ofZ- 

Corollary 3.2 tt : Zi > EndiV) is a representation of Zi if eind only if 

'K{xy)'n{z) + ■n{yz)'!i{x) + ■n{xz)'K{y) 
— 7r{y)'!r{xz) + 7r(x)7r(yz) + Tr{z)Tr{xy) Vx, y,z d Zi- 
= 7r((xy)z) + 7r(x)7r(z)7r(?/) + 7r(t/)7r(z)7r(x), 

Proof. We will proceed by linearization to show this Corollary. Let x,y,z G Zi and A G K. Replace x 
by a; + Ay in (i) of (US]). The term of A is 0. Thus 

2'K{xy)n{x) + TT{x'^)n{y) — 7r(j/)7r(a;^) — 27r(a;)7r(xy) = (14) 

Replace x in (fT4| by x + Xz. The fact that the term of A is implies that 

7r(xy)7r(z) + 7r(yz)7r(x) + TT{xz)Tr{y) 
= TT{y)TT{xz) + 7r(x)7r(j/z) + 7r(z)7r(x?/). 

Conversely, if we replace y and z in (|15p by x we obtain (i) of p3p . 
By the same argument, we show that (ii) of (|13p is equivalent to 

7r(xy)7r(z) + 7r(yz)7r(x) + 7r(a;z)7r(y) 

= 7r((xy)z) + 7r(x)7r(z)7r(y) + 7r(y)7r(z)7r(a;).n 
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Corollary 3.3 Let Z be a Jordan algebra, V be a vector space and tt : Z — > End(y) be a representation 
ofZ- Then, 

■^{x, y, z) = [7r(y), [7r(a;), 7r(z)], Va;, y, z £ 3. 



Proof. Let x,y,z E Z- By Proposition 13.21 we have the foUowing equahties: 

7r((xy)z) — ■n{xy)'K{z) + T:{yz)Tr{x) + Tr{xz)'K{y) — 7r(x)7r(z)7r(y) — Tr{y)Tr {z)t:{x) 
Tr{x{yz)) — Tr{{zy)x) = 7r(zy)7r(a;) + 7r(a;j/)7r(z) + 7r(xz)7r(j/) — 7r(z)7r(a;)7r(?/) — 7r(y)7r(a;)7r(z). 

Consequently, Tr{x, y,z) — [7r(y), [7r(a;), 7r(z)]. □ 

Remark 4 ('ij Lef Z be a Jordan algebra and VjW be two vector spaces. If n : Z > End{V) and 

p : Z — > End{W) are two representations of Jordan algebras, then tt := tt ® p : -3" > End{V © W) 

defined by 

(tt © p)(a;)(ti + w) = 7r(a;)ti + p{x)w, \/x £ Z^v £V ,w eW, 
is a representation of Z called the direct sum of the representations tt and p. 
(a) Let Z be a Jordan algebra. Replace z by x in the identity we obtain: 

2RxyRx + Rx^Ry ~ "^RxRyJix ~ Rx^y — 0; Vx, y E Z- 

Further, The fact that Z is a Jordan algebra implies that RxRx^ = Rx^Rx,^x € Z- Which proves 
that the linear map R : Z — > End{Z) defined by R{x) — Rx, Wx £ Z is a representation of Z- This 
representation is called the adjoint or the regular representation of Z- 

Proposition 3.4 Let Zi,Z2 be two Jordan algebras and tt : Zi > End{Z2) be a linear map. We define 

on the vector space Z = Zi ® Z2 the following product: 

{x + y)-k{x' + y') = xx' + TT{x)y' + TT{x')y + yy', Vx,a;' eZi,y,y' G 52- 
Then, (Z, *) is a Jordan algebra if and only if n satisfies the following conditions: 

(z) nix^)Tr{x)y' + ^{x'){yy') + 2{Tx{x)y'^ (n{x)y^ + (n{x)y'^y^ + 2(yy') (n{x)y^ 

^ n{x)TT{x^)y' + 2n{x) (y' (n{x)y'^ ) +n{x){y'y^) + (n{x^)y'^ y + 2 (y' (7r(j;)y) ) y, 

{a) 2Tr{xx')Tr{x)y + Tr{xx')y^ + Tx{x^)n{x')y + (^TT{x')y^y'^ + 2^7r(a;')t/^ (^Tr{x)y^ 

= 2TT{x)7T{x')TT{x)y + TT {x)tt{x' )y'^ + TT{x'x^)y + 2(^TT{x')TT{x)y^y + (^TT{x')y'^^y, 

Wx,x' e Zi,V,v' e 52- 
Proof. Suppose that {Z, *) is a Jordan algebra. Let x, x' e Z\ and y, y' G ^2. 

= [{x + y)^y'y{x + yf -{x + y)^(y' ^{x + yf'^ 

= n{x^)n{x)y' + T:{x'')iyy') + 2(nix)y'^ (7:{x)y^ + (n{x)y'^y^ + 2(yy'^ 

= n{x)TT{x^ )y' + 2tt{x) [y' (7r(a;)y) ) +t:{x) (y'y^) + {Tr{x^)y'^ y + 2 (y' (7r(a;)y) ) y, 
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= i^{x + y)i.x'j*{x + yf-{x + y)-k{x'ir{x + yfj 

= 2'K{xx')ii{x)y + ■n{xx')y'^ + Tr{x'^)TT{x')y + {^{x')y^y'^ + 2{^{x')y^ (^{x)y^ 
= 2TT{x)'K{x')'K{x)y + ■n{x)'K{x')y'^ + TT{x'x^)y + 2(n{x')Tr{x)y^y + ^7r(a;')y^^y. 

Which give the identities (?) and (m). 

Conversely, suppose that (i) and (n) are satisfied, then for all x, x' £ Z\ and y, y' £32, we have: 

((.T + y) ★ y') ★(x + y)2 - (x + y) * (y' * (.t + y)^) = 0, 

((a; + y)*x')*(a; + y)2 - (x + y) * (x' * (x + y)^^ 0. 

Consequently, 

((a: + y)*(a;' + y'))*(a; + y)2 - (x + y) * (^(x' + y') * (2: + y)^) = 0,Vx,a;' e 5i,2/,y' ^Z2- 
Since the product 7k- is comniutatif, then Z endowed with * is a Jordan algebra. □ 

Corollary 3.5 Let Z\^Z2 be two Jordan algebras and n : Zi — > End{Z2) be a representation of Jordan 
algebra. We define on the vector space Z — Zi ® Z2 the following product: 

{x + y) * {x' + y') = xx' + ■n{x)y' + TT{x')y + yy' , Va;,x' €Zi,V,v' e 32- 

Then, {Z, *) is a Jordan algebra if and only if tt satisfies the following conditions: 

(1) 7r(a;2)(yy') + 2(^(x)ty) (7r(a;)y) + (7r(a:;)y')y2 + 2(yy') (7r(a;)y) 
= 2tt{x) (y' (7r(a;)y) ) +n{x){y'y^) + (7r(a;2)y') y + 2 (y' (^(a;)y) ) y 

(2) (TT{x)y^y^ ^ (n{x)y^^y 

(3) TT{xx')y'^ + 2(^-K{x')y^ (^-K{x)y^= 7r(a;)7r(a;')y^ + 2(n{x')7T{x)y^y, 

Proof. Let x,x' £ Zi, V,v' G Z2- First, since tt is a representation, then 7r(a;^)7r(x)y' = 7r(x)7r(a;^)y'. 
consequently, the identity (z) of the Proposition 13.41 is equivalent to the identity (1). Second, we obtain 
the identity (2) by replacing a; by in (m) of the Proposition Finaly, since tt is a representation, then 

2n{xx')n{x)y + n{x'^)TT{x')y ~ 2n{x)TT{x')TT{x)y + TT{x'^x')y. (17) 

Hence, the identity (2) implies that (3) is satisfies. Finally, remark that the sum of the identities (2), (3) 
and (fT7)) . give the identity (ii) of the Proposition 13.41 □ 
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Definition 3.1 Let ZitZ2 be two Jordan algebras and tt : Zi — > End(Z2) be a representation of Jordan 
algebras, tt is called admissible, if tt satisfies the identities (1), (2) and (3) of Corollarv \3.5\ In this case, 
the Jordan algebra {Z = Zi ® Z2, where the product * is defined by : 

{x + y) -k {x' + y') ^xx' + Tr(x)y' + TT{x')y + yy', \/x,x' eZi,y,y' e ^2, 

is called the semi-direct product of Z2 by Zi by means of n. 

Corollary 3.6 The adjoint representation of a Jordan algebra Z is an admissible representation of Z- 

Proof. The identities (1) and (3) of Corollary 13.51 are a consequences of the equality ([4]). Further, the 
fact that CI is a Jordan algebra implies that (2) is satisfies. □ 

3.3 Generalized semi-direct product 

Let -3 be a Jordan algebra, (_D, xq) G End{Z) x Z, and Ka be one-dimensional algebra with zero product. 
On the vector space Z — Z, we define the following product: 

x-ky :— xy,x-k a ^ a-k X — D{x), a-ka — xo, ^x,yGZ- 

Z endowed with the product above is a Jordan algebra, if and only if, for all x,y in Zi the pair (D,xo) 
satisfies the following conditions 

{Ci)D{x'^y) x'^D{y) + 2D{x){xy) - 2x{D{x)y), {C5)D^{x^) = 2{D{x)f - 2xD'^{x) + xqx^, 

(C2) : D{x)D{y) - D{D{x)y) = ^ixo,y,x), (Cg) : D\x) - lxoD{x) ~ ^xDixo), 

{C3) : D{xqx) ^ xoD{x), id) ■■ xD{x^) ^ x^D{x), {C7) : D'^{xa) ^ x^. 

In this case, {D,xo) is called an admissible pair of Z and the Jordan algebra Z, is called the generalized 
semi-direct product of Z by the one-dimensional algebra with zero product by means of the pair (D, xq)- 
It is easy to see that Z is an ideal of Z and Ka is not in general a subalgebra of Z- 

3.4 Double extension of Jordan algebras 

Definition 3.2 Let Z be a pseudo-euclidean Jordan algebra and B be an associatif scalar product on Z- 
An endomorphism f of Z is called B— symmetric, (resp. B — antisymmetric) if B{f{x),y) = B{x,f{y)), 
(resp. B{f{x),y) = —B(x,f[y))),^x,y S Z- Denoted by EndsiZ) (resp. EndaiZ)) the subspace of 
B— symmetric (resp. B — antisymmetric) endomorphism ofZ- 

Let Zi be a pseudo-euclidean Jordan algebra, Bi be an associatif scalar product on Zi, Z2 be a Jordan 
algebra not necessarily pseudo-euclidean and tt : Z2 — > Ends {Zi ) be an admissible representation of ^2 

in {Zi)- Now, Let : Zi x Zi — > End{^Z2)*^ be the bilinear map defined by: 

•^{x, y){z) = Bi(k{z)x, y), Vx, y e 3i, z G Z2- 

Since, by CoroUarv 13.51 for all {x,z) G 5i x -32, 7r(z) is symmetric and satisfies {■k{z)x)x^ = 
{tt{z)x'^)x, then ip is a symmetric bilinear mapping which satisfies: ip{xy,x'^) = ip{x,yx'^), Vx, ?; G Zi- 
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Consequently, we can consider the central extension Z = Zi ® Z2 of Zi by Z2 by means of ip. Recall that 
the product on Z is defined by: 

(X + f){x' + /') = XX' + ipix, X'), yx, X' eZl, /, /' e ^2 

By the Remark 21 the linear map tt : Z2 — > End{Z) defined by 

T^{y){x + f) = ■n{y)x + p{y)f = ■n{y)x + J oRy, Vy <eZ2,x<E ZiJ e 

where p is the coadjoint representation of 32, is a representation of Z2 in Z- Now, we shall prove that tt 
is admissible. 

Since tt is an admissible representation, then tt satisfied the condition (1) of Corollary 13. 51 if and only 
if fl{x, x' , y) = 0, Vx, x' G 3i, Vy ^ Z2, where 

n{x, x', y) := p{y'^)ip{x, x') + 2Lp{Tr{y)x', Tr{y)x) + Lp{Tr{y)x', x^) + 2ifi{xx' , 7r(y)x) 
-'^P{y)fix', TT{y)x) - p{y)ip{x', x'^) - (p{7T{y'^)x' , x) - 2Lp{x'7T{y)x, x). 

It is clear that for all x, x' G 3i, y, y' G ^2, we have il{x, x' , y){y') = B{x' , T{x, y, y')), where 
r(a;, y, y') = (n{y'y^) + 27r(y)7r(y')7r(y) - 27r(yy')7r(y) - 7r(y2)7r(y')) x 
- ^7r(yy')a;2 + 2 (TT{y)x^ {Tr{y')x^ -n{y)Tr{y')x^ - 2 (^7r(y')7r(y) x^^O. 

By (m) of (|13p and the identity (3) of Corollarv l3.5l we have r(a;,y,y') — 0. Consequently il{x,x',y) — 0. 
Hence tt satisfies the condition (1) of corollarv l3.5l 

we need the following lemma to show that tt satisfies the conditions (2) et (3) of Corollary 13.51 
Lemma 3.7 Let x G Zl^ y, z,u € Z2, then: 
(i) B,{[n{y),7r{z)]x^,x)=0; 

(a) Bi{(^-K({y,z,u))+2[TT{z),TT{u)TT{y)]jx,x) = 0. 

Proof. Let x G Zi, y,z,u £ Z2- (*) The identity i?i([7r(y), n{z)]x^,x) = is equivalent to 

2Bi([7r(y), xx') + Bi([7r(y), x^) = 0. 

In fact we proceed by linearization, we replace a; by 2; + Ax' in the identity -Bi([7r(y), 7r(z)]x^, x) = 0, 
where A G IK. 

Since [7r(y), 7r(z)] is a _Bi— antisymmetric endomorphism and Bi is associative, then 
2Bi([^(y), niz)]x, xx') + Bi{[TT{y), Tr{z)]x',x^) = Bi(2([^(y), Tr{z)]x^x- [^(y), Tr{z)]x\x') = 0. 
Which equivalent to 

2([7r(y),7r(z)]a;)x-[^(y),7r(z)]a;2 =0. (18) 
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By (3) of Corollary 13. 51 we have: 

TT{yz)x'^ + 2{^{z)sc^ {^[y)x^ — ■n[y)'K{z)x^ + 2(^[z)'K{y)3^x (19) 

and 

Tr{zy)x'^ + 2(^TT{y)x^ (^tt{z)x^= 7r(z)7r(2/)x^ + 2(^TT{y)T:{z)x^x. (20) 

3i and ^2 are commutative, then 

7r(y)7r(z)x^ + 2{n{z)TT{y)x)x — Tr{z)'K{y)x'^ + 2{TT{y)'K{z)x)x. 
Which give the identity (|18p or the identity (i) of Lemma. 

(m) One pose F{y, z, u) = 7r((y, z, u))+2[TT{z),TT{u)iT{y)], Vy, z, u £ 3i- Then F{y, z, u) is a antisymmet 
endomorphism. In fact, 

Bi{F{y,z,u)x,x') + Bi{x,F{y,z,u)x') 

= Bi (^x, TT({y, z, u)) {x')j +2Bi (^x, [7r(y)7r(u), Tr{z)]x''j +Bi (^x, F{y, z, u)x''j 
= 2Bi(a;,(7r((2;,z,u))-[7r(z),[^(2;),7r(u)]])(x'))=0, {byCorollariEM. 

Which prove that, F{y,z,u) is a _Bi— antisymmetric endomorphism. Consequently, Bi(F{y, z,u)x, x) = 
—Bi{x,F{y,z,u)x). The fact that Bi is symmetric implies that Bi{F{y, z,u)x, x) = 0. □ 

2. Since tt satisfies the equality (2) of CoroUarv 13.31 and (p is symmetric, then tt satisfies the identity 
(2) of CoroUarv 13. 51 if and only if 

if{Tr{y)x,x'^) - ifi(Tr{y)x'^,x) = 0, VxEZi, V & ^2- 
By (i) of Lemma 13.71 we have (^ip{T:{y)x, x'^) — ip{T:{y)x'^,x)j{z) = Si([7r(y), 7r(z)]x^, a;) = 0. Hence, 

{n{y){x + /)) (x + ff = {ifiy)ix + ff) (x + /). 

3. Since tt is admissible, then tt satisfies the identity (3) of Corollairv l3.5l if and only if 

p{yy')(p{x, x) + 2(p{TT{y')x, TT{y)x) - p{y)p{y')ip{x, x) - 2(p{Tr{y')Tr{y)x, x) = 0. 
By (i) and (ii) of lemma ISTZl we have: 

I P{yy')vix, x) + 2ip(jT{y')x, TT{y)x'j - p{y)p{y')ip{x, x) - 2ip(n{y')Tr{y)x, x'j | (z) 



Bi ( (TTiiy', y, z) + 2[TT{y), n{z)TT{y')])x, x) ^B, ( [^(y'), 7^(z)]x^ x) = 



Consequently, tt satisfies the identity (3) of Corollary 13. 51 We conclude that tt is an admissible represen- 
tation of ^2 in 5i © 52*- 
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Hence, we can consider, the semi-direct product, 3 = ^2 ® 5 of 5 by ^2 by means of tt. The product in 5 
is given by: 

{x + y + f){x' + y' + f) = xx' + yy' + 7r{x)y' + 7r{x')y + p{x)f + p{x')f + ip{y, y'), 

Va;, x' e Z2, y, y' G Zi,.f, /' e ^2- Further, let 7 be an associative symmetric bilinear form not necessarily 
nondegenerate on Z2 x ^2- Then, the bilinear form B defined on 5 x 5 by: 

B : {Z2 ® Zi ® Z*2) X {Z2 ® Zi ® T2) — ' ^ 

ix + y + f,x' + y' + f') ^ ^ix,x')+Bi{y,y')+f{x') + f'{x) 

is an associatif scalar product on 5- 

Then we have proved the following Theorem. 

Theorem 3.8 Let be a pseudo-euclidean Jordan algebra, Z2 be a Jordan algebra and tt : ^2 — >■ 

Ends{Zi) be an admissible representation of Jordan algebras. Let us consider the symmetric bilinear map 
t/? : 3i X 3i — > ^2 defined by: (p{y,y'){x) = Bi{Tr{x)y,y'), Vx S Z2,y,y' € 5i. Then, the vector space 

Z = Z2 ® Zi ® ^2 endowed with the product 

{x + y + f){x' +y' + f) = xx' + yy' + 'K{x)y' + 'n{x')y + f o + f o R^, + ip{y, y'), 

yx,x' ea2,y,2/' eSi,/,/' £^2, 

is a Jordan algebra. Moreover, if j is an associative bilinear form on Z2 x ^2, then the bilinear form 
defined on 3 x 3 by: 

-B^ : (32 ©3i ©32) X (32 ® -31 ® 32) — ' IK 

{x + y + f,x' + y' + f') ^ ^{x,x') + B^{y,y')+f{x') + f'{x) 

is an associatif scalar product on 3. 

The Jordan algebra (J, Bq) (orZ) is called the double extension of (Ji, by Z2 by means of tt. 

Remark 5 IfZ2 admits an associative bilinear form 71 ^ 0, then Z has at least two linearly independent 
associatif scalar products. 

3.5 Generalized double extension of pseudo-euclidean Jordan algebras by the 
one-dimensional algebra with zero product 

Let {Zi,Bi) be a pseudo-euclidean Jordan algebra, Kb be the one-dimensional algebra with zero product 
and {D,xo) € Ends{Zi, Bi) x Zi be an admissible pair. Let <^ : 5i x 5i — > K be the symmetric bilinear 
form defined by: 

ip{x,y) = Bi{Dx,y), Vx,yeZi- 

Then, by the identity (C4), (p{x^,xy) = (p{x'^y,x), \/x,y £ Zi- Hence the vector space ^ = 3i ® 
endowed with the product: (a; -|- Xb){y + X'b) := xy + ip{x,y)b, \/x,y S 3i,A, A' e K is the central 
extension of Zi by K6 by means of ip. 
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Let {D,wo) G End{Z) x Z defined by: 

D{ah + x) := D{x) + B\{xo,x)b, Va;e5i,aeK, wq = xo + kh, ohk 

Then the pair (£), wo) is admissible. Hence, we can consider the generalized semi-direct product 5 = ]Ka©5 
oiZ by the one-dimensional algebra with zero product Ka by means of {D,wq). 
Moreover, the symmetric bilinear form i? : 3 x 3 — > K defined by: 

B|3^,3^=Si, Bi(a,6) = l, Bi(a,5i)=Bi(6,5i) = {0} et Bi(a, a) = Bi(6, 6) = 
is an associatif scalar product on Z- Thus, we have the following Theorem: 

Theorem 3.9 Let (5i,-Bi) he a pseudo-euclidean Jordan algebra, Kb be the one-dimensional algebra 
with zero product and {D,xo) & Ends{Zi,Bi) x Zi be an admissible pair. Let <fi : Zi x Zi — *■ K be the 
symmetric bilinear form defined by: 

ip{x,y) = Bi{Dx,y), Vx,yeZi- 

Then, the vector space Z = Ka ©3i ® Kb, (where Ka is a one- dimensional vector space), endowed with 
the following product: 

Z -kb = b-kZ = {0}, a* a = Wo = xo -\- kb, x-ky = xy -\- Bi{D{x),y)b, a-k x = x-k a = D{x) -\- Bi{xQ,x)b, 
\/x, y &Z1 and with the symmetric bilinear form B defined by: 

Si(a,&) = 1, Bi(a,3i) = {0} ei Si(a, a) = 6) = 

is a pseudo-euclidean Jordan algebra. 

Definition 3.3 The pseudo-euclidean Jordan algebra, [Z, B) is called the generalized double extension of 
the pseudo-euclidean Jordan algebra {Zi, -Bi) by the one- dimensional Jordan algebra with zero product Kb 
by means of {D,XQ,k) £ Ends{Zi, Bi) x Zi x K (or by means of {D,xq) G Ends{Zi,Bi) x Zi)- 

4 Inductive description of pseudo-euclidean Jordan algebras 

Theorem 4.1 Let {Z,B) be an irreducible pseudo-euclidean Jordan algebra. If Z = 1 ®V, where I is 
a maximal ideal of Z and V is a subalgebra ofZ, then Z is the double extension of the pseudo-euclidean 
Jordan algebra (W =1/1^, B) by V by means of the representation n : V — > Ends{W,S} defined by 
TT{v){s{i)) :— s{Rv{i)) — s{vi),'^v € V, i € X, wherel-^ is the orthogonal of I, s is the canonical surjection 
of I onto XjX^ and B is defined by: B{s{x),s{y)) := B{x,y), \/x,y e I. 

Proof. Since I is a maximal ideal of Z, Then, I-*- is a minimal one. Further, Z is irreducible, then 

I n T^ ^ {0}. Consequently. C I. Consider A = © V and the orthogonal of A. It is easy to 
check that -B|_^^^ is nondegenerate. Thus, I = 1^ ® A^. It follows that, Z = ®V. Now, let 

a, 6 e A-^, then ab = a{a, b) -\- /3(a, b) where a{a, b) G X-*- and /3(a, b) G A-^. It is clear that A-^ endowed 
with /? is a Jordan algebra. Moreover, the bilinear form Q := B^^^ is an associatif scalar product on 

A-^. Which implies that {A-^, Q) is a pseudo-euclidean Jordan algebra, consider := s\^_^ : A^ — > X/I-"-, 
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6 is an isomorphism of Jordan algebras. Let w G V and x G . Then, vx = i + aGT = 
where i G and a G y^^. Thus, 

w) = B{vx — a,w) = B{vx, w) = B{x, vw) = 0, 

Thus i = 0. Which imphes that VA-^ C A^. Consequently the map tt : V — > End(^-'-) defined by: 
TT{v)a — R^{a), Vw G V, a G A'^ is well defined and it is an admissible representation of V because 
R is an admissible representation of 3- Hence, we can consider the double extension V ® A-^ ® V* 
of A-^ by V by means of tt. Now, one consider ly : — > V* (resp. S : V — > (^^)*) defined by 
:= B{i,.), \/i G X"*- (resp. (5(w) = B{v,.), Vv G V). Since i? is nondegenerate, then i/ (resp. S) 
is injective. Hence dimX^ = dimV* and i' is an isomorphism of vector spaces. By the Corollary 13.61 
R : Z — * End{Z)\ x \ — > R{x) :— R^ is an admissible representation of 2- Further, V is a subalgebra of 
3 and is an ideal of 3, then R : V — > End(X-'-); v i — > := R{v)/x±, is a representation of V on 
J-^. Recall that, p : V — > End(V*); x i — > p(x) where p{x){f){y) = f{xy), \/x,y G V is the coadjoint 
representation of V. is a representations isomorphism (i.e. ;/ o i?(w) = p(w) o i^, Vw G V) . 

It is clear that the map V : (BA-^(BV — > V©^""" © V*; (i + a + w) w + a + j^(i), is an isomorphism 
of Jordan algebras. In fact, recall that Inl-^ = {0}. Let X ^ i + a + v,Y ^ j + b + w G Z = ®A^ ®V 
where i,j G T^, a,b E A-^, v,w E V. 

XY = iw + jv + a{a, b) + /3(a, b) + 7r(w)a + 7r(w)6 + vw. 
V(Xy) = WW + /?(a, 6) + 7r(w)a + 7r(w)6 + i/(zw) + i/(jw) + j/(a(a, 6)). 

Moreover, 

v{i'w){w') — B{iw, w') = B{i, ww') = i'{i){ww') — ^i'(i) o 7r(iw)^ ("^^O- 

and, 

iy{a{a, b)){w') = S(a(a, b), w') = B{a{a, b) + /3(a, 6), iw') = B(a6, w') = Lp{a, b), 
where (p{a,b) E V* defined by (p{a,b)(v) Q{va,b). It follows that, 

V{XY) = wu) + I3{a, b) + 7r(w)a + 7r(w)5 + o n{w) + o tt{v) + ip{a, b) = V{X)V{Y). 

Hence V is an algebras isomorphism. Further, if we consider on the symmetric bilinear forms B' : 
— > K, and S" : 3 x — > K defined by: 

B\ =0 and B\' =0, Sf' ==0, B'/^,, ^ B,,, 

then B' is nondegenerate and associative, B" is associative and B ^ B' + B" . 

Now, let us consider on V ffi A^ © V* the associatif scalar products T and T' defined by: 

T'{v + a + f,w + b + h) = Q{a, b) + f{b) + h{a), \/v,w eV ,a,b E A^ , f ,h eV\ 
T = T' + -f where 7 : (V © © V*) x (V ffi ^-^ ffi V*) — >K 

{v + a + f,w + b + h) I — > B{v,w). 

It follows that V is an isometry of pseudo-euclidean Jordan algebras from {Z,B) (resp. (J, B')) to (V © 
A^®V*,T) (resp.(V©^-LffiV*,T')). 
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It is clear that V®^-L©V* — >V®{T/T^)®V*\ {v + a + f) v + 0{a) + f is an isomorphism of Jordan 
algebras, where V © A-^ © V* is the double extension of A-^ by V by means of n and V ©X/I^ © V* is the 
double extension of I/I-^ by V by means of n : I/I-^ — > Ends(y) defined by -K{s{i)){v) := 'K{vi),\li G 
I,v & V. Now, if one considers the associatif scalar products, F and F' on V © X/X-"- © V* defined by: 

F'(^; + s{i) + f,w + s{j) + h) := B{s{i), s{j)) + f{w) + h{v) = B{i,j) + f{w) + h{v) 
yv,w&V, i,j€l, f,heV*, 

F = F' + 7' where 7' : (VffiZ/I-^ © V*) x (V©!/!"^ © V*) — >K 

{v + s{i) + f,w + s{j) + h) ^ B{v,w), 

then (p is an isometry of pseudo-euclidean Jordan algebras from {V(BA-^®V*,B) (resp. (V®^"'"®V*, B')) 
to (V © (X/X-L) © V*, F) (resp. (V © (X/X-^) © V*, F'). □ 

Corollary 4.2 Let (3, B) be an irreducible pseudo-euclidean Jordan algebra which is not simple. If 3 
is not nilpotent, then Z is a double extension of a pseudo-euclidean Jordan algebra (W, T) by a simple 
Jordan algebra. 

Proof. C? is not nilpotent, then ^ = S © Ra{Z) where S is a semi-simple subalgebra of CJ and Ra{Z) 
is the radical of Z- Z is irreducible and not simple, then Ra{Z) 7^ {0}. Since S is semi-simple, then 
& = &i, where &i is a simple ideal of 6, for all i G {1, ...,m}. The fact that Si is a simple ideal 

of C5, implies that 7 = S2 © ••• © &n ® -Ra(^J) is a maximal ideal of CJ. By the last theorem, is a double 

extension of {W = 2/I^,T = B) by Si by means of the representation tt : Si — > Ends(W,T) defined 
by: 7r(x)(s(i)) := s{xi), \/x G &i, i € 1, where s : X — > l/I^ is the canonical surjection. Recall that B 
is defined by: B{s{i),s{j)) := B\i,j), G X. □ 

Corollary 4.3 Let {Z, B) be an irreducible pseudo-euclidean Jordan algebra which is not simple and such 
thatZ 7^ {0}. If Ann{Z) ~ {0}, thenZ is a double extension of a pseudo-euclidean Jordan algebra (W, T) 

by a simple Jordan algebra. 

Proof. If Ann{Z) = {0}, then Ann{Z)'^ = Z (ie. Z^ = Z)- Consequently, Z is not nilpotent. Hence, by 
the Corollary above, 3 is a double extension of a pseudo-euclidean Jordan algebra (W, T) by a simple 
Jordan algebra. □ 

Theorem 4.4 Let {Z, B) be a pseudo-euclidean Jordan algebra which not the one dim,ensional Jordan 
algebra with zero product. If Ann{Z) ^ {0} and if there exist b G Ann{Z) \ {0} such that B{h, b) = {0}, 
then Z is a generalized double extension of a pseudo-euclidean Jordan algebra (W, T) by one dimensional 
Jordan algebra with zero product. 

Proof. Let b G Ann{Z)\{0} such that B{b, b) = 0. Consider the ideal X := Kb of Z- There exists a E Z 
such that B{a, b) = 1, B{a, a) = and a = X-^ © Ka. Denote W := {Ka © Kb)^, then 2^ =Kb® W. It 
follows that, 5 = Ko © W © K6. 

Let x,y G W, xy = /3{x,y) + a{x,y)b, where /3{x,y) G W and a{x,y) G K. It is easy to see that W 
endowed with the bilinear form /? : W x W — > W; {x,y) 1 — > P{x,y), is a Jordan algebra. Moreover 
By\; = Bj^^^ is an associatif scalar product on W and a : W x W — > K is a symmetric bilinear form 
such that 

a(^P{x, y), P{x, y)j = a(^x, 
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Now, if X e yy, then ax = D{x) + Lp{x)h where D{x) £ W and ip{x) £ IK or D : W — > W; x i — > D(a;) is 
an endomorphism of W and : W — > K is an element of the dual W* of W. Since -Bw is nondegenerate, 
then there exist wq £ W such that <^ = By^{wQ,.). Moreover, there exist xq S W,k,h G K such that 

a?' = kb + xo + ha. 

Let x,2/ G W, B{xy,a) = B{x,ya) because B is associative. Consequently, a{x,y) = B{x,D[y)). On the 
other hand, B{x,ya) = B{xa,y). Which proves that B{x,D{y)) = B{D{x),y). Then D G Ends(>V, -Bw) 
and xy = I3{x, y) + B{D{x), ?;), Vx, y G W. Now, B(a^, b) = B{a, ab) = which implies that, hB{a, 6) = 
(i.e. /i = 0). Hence, = + kb. 

Let a; G W, -B(aa;,a) = B{x,a^). Thus </?(a;) = B{x,xq). We conclude that, wq = xq. Consequently, 

ax = D{x) + B{x, xo)b. 

It is easy to show that {D, xq) G Ends(W, i?vv) x W is an admissible pair of the pseudo-euchdean Jordan 
algebra (W, -Byv)- Consequently, {Z,B) is a generalized double extension of (W, T := -Byv) by the one 
dimensional Jordan algebra with zero product Ka by means of the pair {D, xq) G Ends(W, T) x W. □ 

Corollary 4.5 Let {Z,B) be an irreducible nilpotent pseudo-euclidean Jordan algebra. IfZ is not the one 
dimensional Jordan algebra with zero product, then Z is the generalized double extension of a nilpotent 
pseudo-euclidean Jordan algebra (W, T) by the one dimensional Jordan algebra with zero product. 

Proof. If Z is nilpotent, then Z"^ 7^ Z- Consequently Ann{Z) ^ {0}. By the last Theorem 3 is a generalized 

double extension of a pscudo-cuclidcan Jordan algebra (W, T) by the one dimensional Jordan algebra 
to null product. In the proof of the same Theorem, W = jX where X = IK6 C Ann(3). Since Z is 
nilpotent, then X^ is nilpotent. Consequently, W is nilpotent. □ 

Let lA be the set constituted with {0}, the one dimensional Jordan algebra with zero product and all 

simple Jordan algebras. 

Theorem 4.6 Let (3, B) be a pseudo-euclidean Jordan algebra. If Z ^ U, then Z is obtained from 
elements Zi, ■■■■,Zn ofU, by a finite number of orthogonal direct sums of pseudo-euclidean Jordan algebras 
or/and double extensions by a sim,ple Jordan algebra or/and generalized double extension by the one 

dimensional Jordan algebra with zero product. 

Proof. We proceed by induction on dimZ- If dim^ = or 1, then Z & 

Assume that dim^ = 2. If C5 is not irreducible, then Z = Xi ®X2 where Xi,X2 are two nondegenerate 
ideals of Z which satisfies B{Xi,X2) = {0} and dimTi = dinir2 = 1. Therefore Xi (rcsp.2'2) is either a one 
dimensional simple Jordan algebra or the one dimensional algebra with zero product. Now, suppose that 
Z is irreducible. If Z is neither simple nor nilpotent, then Z = S ® Ra{Z) where <S is a one dimensional 
semi-simple Jordan subalgebra and dimi?a(.J) = 1. In this case, Z = S (B S* is the double extension of {0} 
by S by means of the representation 0. Now if Z nilpotent, then Z is the generalized double extension 
of {0} by the one dimensional Jordan algebra with zero product. We conclude that if dimZ = 2, the 
theorem is satisfied. 

Now suppose that the theorem is satisfied for dim(3) < n G N. We shall prove it in the case where 
dimZ = n. li Z ^ U and Z is irreducible, then Z is either a generalized double extension of a pseudo- 
euclidean Jordan algebra (W, T) by the one dimensional Jordan algebra with zero product or a double 
extension of a pseudo-euclidean Jordan algebra (W, T) by a simple Jordan algebra. Since dimW < dimj, 
then (W, T) satisfies the theorem, so Z satisfies the theorem. Now, if 5 ^ W and Z is not irreducible, 
then -3 = Ti © ... © Xm where Xi ^ {0}, 1 < i < m are nondegenerate irreducible ideals of Z such 
that B{Xi,Xj) — {0} Wi ^ j € {l,...m}. Let i G {1, ...m}, the fact that dimXi < dim^ implies that 
{Xi, B/x-xii) satisfies the theorem. Hence, {Z,B) satisfies the theorem. □ 

Let £ be the set constituted by {0} and the one dimensional Jordan algebra with zero product. 
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Theorem 4.7 Let {Z,B) be a nilpotent pseudo-euclidean Jordan algebra. IfZ^^i then Z is obtained 
from elements of £ by a finite number of orthogonal direct sums of pseudo-euclidean Jordan 

algebras or/and generalized double extension by the one dimensional Jordan algebra with zero product. 

Proof. We proceed by induction on dimZ- If dim^ = or 1, then Z ^ £■ 

If dim-3 = 2, then Z is either the orthogonal direct sum of two one dimensional Jordan algebras with zero 
product or Z is the generalized double extension of {0} by the one dimensional Jordan algebra with zero 
product. 

Now, suppose that the theorem is satisfied for dimj < n. We shall prove it in the case where dim^ = n. 
Suppose that Z ^ £ and Z is irreducible, since Z is nilpotent, then Z is the generalized double extension 
of a nilpotent pseudo-euclidean Jordan algebra (W, T) by the one dimensional algebra with zero product. 
Since dim(W) < dim^, then W satisfies the theorem. Then Z satisfies the theorem. liZ £ and Z is not 
irreducible, then Z = Ii ® ■■■ ® 1m where li, 1 < i < m, are nilpotent nondegenerate irreducible ideals 
of Z which satisfy B{Ji,Ij) — {0}, Vioi — j ^ {l,...m}. Since dimli < dimj, Vi G {l,...m}, then, any 
{li, B /x-xii) satisfies the theorem. Hence, {Z,B) satisfies the theorem. □ 

5 Nilpotent pseudo-euclidean Jordan algebras with dimension 
less than or equal to 5 

In this section, we shall use inductive description obtained in section 4 to construct the nilpotentpseudo- 
euclidean Jordan algebras with dimensions n < 5. In particular, we shall prove that all nilpotent pseudo- 
euclidean Jordan algebras with dimensions n < 4 are associative, but there are nilpotent pseudo-euclidean 
Jordan algebras with dimension equal to 5 which are nonassociative. 

First case: n = 1. The product of nilpotent one dimensional Jordan algebra vanish (see [14]), (i.e. 
Zi,i = Ka where = 0). The associatif scalar product of Zi.i is given by Bi{a, a) = 1. 

Second case: n = 2. The generalized double extension of null algebra is the nilpotent pseudo-euclidean 
Jordan algebra ^2 = Vect{ai, bi} where bi G Ann{Z2) and aioi = Xbi where A £ K. 

If A = 0, we obtain ^2,0 — Vect{ai,bi} where ^20 = {0}- If A 7^ 0, we obtain Z2,\ such that 
bi G Ann{Z2) and oioi — Xbi. Now, let A G K*, then ip2 : Z2,\ — ^ ^2,1 defined by 

ip2{ai) = ai and (^2(61) = 

Ai 

is an algebras isomorphism. Thus, for all A 7^ , Z2,\ is isomorph to Z2.i- The associatif scalar product 
B2 on ^2,0 and on ^2,1 is given by i?2(ai, 61) = 1, i?2(ai, ai) = -82(^1, &i) = 0. 

Third case: n ~ 3. Let us consider the algebra Zi,i = Ka, where aa = 0. The set of admissible pairs 
of this algebra is given by: 

{(£>, aio) G Ends(5i4) x Z\.\\ D = 0, xq ^ aa, where a G K}. 

If a = 0, the nilpotent pseudo-euclidean Jordan algebra with dimension equal to 3 obtained by generalized 
double extension of Zi,i by means of the pair (£), xq) = (0, 0) is Z3,o,k = IKa2 © Ka © K62 where {a, 62} G 
Ann{Z3,o,k) and 0202 = fc&2, G K. If fc = 0, then Z3,o,o = ^0,2 © Ka © K&2 where ^3.0,0 = {0}- L^t 
G K*, then the map (f3 : Z3,o,k — > 33,o,i defined by 

93(02) = 02, (p{a) = a et 93(62) = 762, 
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is a isomorphism of Jordan algebras. Thus for all k G K*, ^la.o.fe is isomorph to C?3.o,i- Now if a ^ 0, 
then the nilpotent pseudo-euclidean Jordan algebra with dimension equal to 3 obtained by generalized 
double extension of by means of {D,xo) = {0,aa) is given by Z3,a,k = ^0,2 ® Ka ® 1K62 where 
62 6 Ann{Z3^a,k), aa. = 0, 0,20 = 062 and 0202 = aa + kb2, fc G K. Let k gK, a € K*. Let us consider 
the map if : Z3,a,k — > Js.i.Oj defined by, 

k 

V?(a2) = aa2 + -a, (^(62) = ab2, ^p{a) = aa. 

if is an isomorphism of Jordan algebras. Thus, Va € K*,VA: e K, CJs.ai.fc is isomorph to 33,1, o- The 
associatif scalar product on Gs.o.O) CJs.o,! and on 53,1,0 is given by 

B(a2,M = l B(a2, 02) = 5(62,^2) = 

B{a,a) = l B{a2,a) = B{b2,a) = 

Fourth case: n = 4. Recall that in the second case, we have proved that the two dimension nilpotent 

pseudo-cuclidcan Jordan algebras are -32.0 — Vect{ai, 61} where^j = {0} and ^2.1 — Vect{ai, hi} where 
bi G ^(32) and Oiai = 61. Moreover, the bilinear form defined on ^2,0 (resp. 32,i) by i?2(ai,&i) = 1, 
B2{ai,ai) = B2{bi,bi) = is an associatif scalar product on ^2,0 (resp. 32,i)- 

Let us consider ^2,0 = Kai © Kbi, where 31 = {0}- Denote by, A and B the subsets of End{Z2fl) 
defined by: 

A= {D e End{^2,o); D(a) = ab and D{b) = 0, where a G K}, 
B = {D e End{Z2fi)] D{a) = and D{b) = aa, where a G K}. 

The pair [D, xq) G End{Z2fi) x ^2,0 is an admissible pair of 32,0, if and only if [D, Xq) G (A U x 32,o- 
Let D & A (resp. G B) defined by D{a{) = abi and D{bi) = (resp. D{ai) = and D{bi) = aai) and 
Xq = Tjai + ebi G 32,0: where a,ri,s G K. Let fc G K. Then, the product in the nilpotent pseudo-euclidean 
Jordan algebra ^4,0 = 1^03 © Kai ffi IK61 © Kbs obtained by the generalized double extension of ^2,0 by 
the one dimensional Jordan algebra with zero product by means of {D,xo) G ^ x ^2,0 (resp. G B x 32, 0) 
is given by: 

63 G Ann{Z4,o), 0303 = Wi + e^i + kbs, asbi = rjbs, 
asai = ab\ + £63, a\a\ =b\+ ab^, a\b\ = b\b\ = 0. 

resp. 

63 G Ann(34,o), a3a3 = + ^bi + kb^, a^bi = aai + rjbs, 
a^ai = sbs, aiui = bi, aibi = 0, 6161 = ab^. 

Now let us consider the Jordan algebra 32, 1 obtained in the second case. {D,xo) G End(32,i) x 32, 1 is 
admissible, if and only if, there exists /?, £ G K, such that 

D{ai) = (3bi, D{b\) = 0, and xq = sbi. 

Let {D,xo) be an admissible pair of 32,i- Then, the product on the nilpotent pseudo-euclidean Jordan 

algebra 34, 1 = ^o-s © IKai © Kbi ffi K63 obtained by the generalized double extension of 32, 1 by the one 
dimensional Jordan algebra with zero product by means of {D,xo) is given by: 

61,63 G Ann (33), a^as = ebi + kbs, asai = /36i + £63, aiai = bi + pb^ 
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An associatif scalar product on Zifi and .34,1 is given by: 

^4(01,01) = _B4(6i,6i) = 0, -64(01,61) = 54(03,63) = 1, ^4(03, 03) = 54(63,63) = 0, 
54(03, ai) = 54(03, 61) = 0, 54(63, fli) = 54(63, 61) 

Fifth case: n = 5. We shall construct with the same process all nilpotent pseudo-euclidean Jordan 
algebras with dimension equal to 5. In the first time, let us consider the nilpotent pseudo-euclidean 
Jordan algebra ^3,0,0 and let {D, xq) £ 5n(i(33,o,o) x ^3,0,1' which satisfies the conditions (Ci), . . . , (C7). 
These conditions are equivalent to D^{x) =0, Vx £ 33,0,0 and Z)^(xo) — 0. 

In the second time, let us consider 53.0,1 — IKa2 © Ka © K62. The product on 33,0,1 is defined by 
0202 = 62 and 0,62 G ^(33,o,i)- (^,2^0) G £'"■'^(33,1,0) X 33, 0,1 is admissible, if and only if there exists, 
a, /?, 7, 771, 772, 773 in K, such that 

D[a2) — aa + /362, D{a) — 762, D(62) = and — 77102 + 7720 + 77362. where 771 G {0, a^}. 

Let {D,xo) an admissible pair of 33,o,i- The product on the Jordan algebra 35, 0.1 = 1^04 © Ka2 © 
Ko © K62 © K64, obtained by the generalized double extension of 33, 0.1 by the one dimensional Jordan 
algebra with zero product is given by: 64 e ^4(33), 

04O4 = 771O2 + 7720 + 77362 + fc64, 00 = 62O2 = 62a = 6262 = 0, 62O4 = 77164 

020 = 0264 004 = 0:262, 0204 = 020 + 0362+7/364, 0202=62+0364. 

Now let us consider 33, 1,0 — ^.02 © Ko © K62. The product on 33, 0,1 is defined by: 

b2 e -4(33, 1,0), a2a2 = a, 020 = 62. 

(5,a;o) e 5n(i(33,i.o) x 33, 1.0 is admissible, if and only if, there exists o,/3, 7,2,7; in K, such that 

D{a2) = 00 + (3b2, D(a) = 762, D{b2) = and xo = eo + 7762. 

Let {D^xq) be an admissible pair of 33.1,0- Then, the product on the Jordan algebra 35,1.0 = Ko4©]Ka2© 
Ko © K62 ffi K64, obtained by the generalized double extension of 33, 1,0 by the one dimensional Jordan 
algebra with zero product is given by: 

62, 64 e An7i(35,o,i), 0404 = £o + 7762 + fc64, 0202 = 62 + /364, 

020 = 764, 00 = 0, 0402 = oo + /362 + 7764, 040 = 762, 

Now let us consider the pseudo-euclidean Jordan algebra 3 = 35, 1,0 where fc = 03 = 772 = 773 = and 
02 = 0. The product on 3 is given by: 

62, 64 G An'n{y), a^ai = oo = 0, 0202 = o, 02a = 62 + 64, 0402 = o, 040 = 62. 

The fact that 02(0204) — (0202)04 = 64 7^ implies that 3 is not associative. 

6 Symplectic Forms and Jordan bialgebras 

In this section we study the relation between solutions of Yang Baxter equation (EYB) in the case of 
Jordan algebras (see [17]) and symplectic structures on pseudo eucfidean Jordan algebras. We study also 
the connection between symplectic pseudo euclidean Jordan algebras and some symplectic quadratic Lie 
algebras. 
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Definition 6.1 Let lu be a skew- symmetric non- degenerate bilinear form on Z which satisfies w{xy, z) + 
oj{yz, x) +u}{zx^ y) = 0, Vx, y,z € Z- lu is called a symplectic form and the pair {Z, u>) is called symplectic 
Jordan algebra and if moreover B is an associatif scalar product on Z, then (5, B, ui) is called a symplectic 
pseudo-euclidean Jordan algebra. 

Definition 6.2 Let V be a vector space and A : V — > V <SiV be a map. Then the pair (V, A) is called a 
coalgebra and A is called a comultiplication. 

For V €V, one writes: A{v) = V(^2)- The dual space V* of V endowed by the following product: 

< f9,v>=^< f,V{i) >< 9,V{2) >, V/,5 G V*, vG V. 

V 

is an algebra called the dual of the coalgebra (V, A). Recall that if f,g G V*, we can consider f ^ g G 
(V O V)* defined by: 

< f <Si9,'^ai^bi>='^< f,ai>< g, hi >, ai,bi G V, 

i i 

which proves that V* (g) V* C (V (g) V)*. 

The space V endowed with the following actions is a V*— bimodule: 

f-v = X^^^(i) < f,V(2) > and v.f = ^< f,V:^i) > V(^2), 

V V 

where f gV*, v gV and A(u) = <8) U(2)- 

V 

It is clear that for all f,g gV* and v gV the equalities < fg,v >=< f,g.v >=< g,v.f >, hold for all 
f,gGV* and v gV. Now, let V be an algebra, A be a comultiplication of V and V* the dual algebra of 
the coalgebra (V, A). V* with the following actions is a V— bimodule: 

< f *v,w >=< /, vw >=< w * f,v >, V/ G V*, v,w gV. 
Consider the space D{V) = V ® V* on which we define the following product: 

{v + f){w+g) = {vw + f.w + v.g) + {fg + f*w + v*g), yf,gGV*, v,w GV. 

Then, D{V) endowed with the product above is an algebra in which V and V* are two subalgcbras. The 
algebra D{V) is called the (Drinfeld-)double of the bialgebra (V,m, A) where to : V x V — > V defined 
by m{v, w) = vw, Vt;, w gV (i.e. m is the multiplication in V). 

Definition 6.3 Let Z be a Jordan algebra not necessarily unital and A be a comultiplication ofZ- (3, A) 
is a Jordan bialgebra if D{Z) is a Jordan algebra. 

Let 5 be a Jordan algebra and consider the linear map 

T :3®-3 — > Z'S>Z 
^a;j(8)yi i — > ^yii^Xi. 

i i 
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Let r = ^ € ^ <E) Z such that T(r) = —r (i.e. r is skew-symmetric). We define on Z the 

comultiphcation by Ar{x) — X]r=i ® 6i — ® xbi, Va; G -3- Let 

C^ir) = ri2ri3 - ri2r23 + ri3r23, where 
ri2ri3 = ^ QiUj (E)bi(E)bj, 

l<2,j<n 

l<i,j<n l<2.j<n 

and ri3r23 — ® Oj 5^6^ = fe^ ® 6j ® UiUj 

because r is antisymmetric. Thus, 

C^ir) = ^ OiOj (^bi(g) bj + 6j (g) 6j (g) aiOj + 5j (g aiO^- (g 6^. 

l<i,j<n 

(r) is an element of 5 g) J g) 5 and it is well defined even if J is not unital. The Jordan Yang Baxter 
equation of J is C~f{r) — (see [H]). In this case, r is said an antisymmetric solution of The Jordan 
Yang Baxter equation or r is an antisymmetric r— matrix. In |16| . it is proven that if r G -3 (g 3 is an 
antisymmetric r— matrix, then the pair (-3, A^) is a Jordan bialgebra. 

Let r be an antisymmetric r— matrix. One poses the linear map R : 3* — > Z defined by R{f) ~ 
J2i f{0'i)bi, V/ G Z*- The equality C^ir) = is equivalent to the following identity: 

< f,R{h)R{l) > + < h,R{l)R{f) > + < l,R{f)R{h) >= 0. 

In fact, 

(/(g/i® Z)(ri2ri3) = ^/(a,a,)/i(6,)?(^'j) = f (h{bi)a,l{bj)a,^^< f,R{h)R{l) >, 
{f®h(E> 0(ri2r23) = f{a^)h{ha,)l{bj) = - < h, >, 
(/ (g ® 0('^i3'^23) = J2 f{a^)h{a,)l(hbj) =< I, R{f )R{h) > . 
Moreover, since r is antisymmetric, then R is antisymmetric. In fact, let f,h^Z*- 

n n 

< f,R{h) >= -fC£h{b,)a,) = -hC£f{a,)b,) = -< h,R{f) >= - < R{f),h> . 

i=l 2=1 

In this case we say that R satisfies the Yang Baxter equation. If R is bijective, we say that r is a 
nondegenerate r— matrix. 

Proposition 6.1 Let {Z,B) be a pseudo-euclidean Jordan algebra and r = X]"=i '^i ® antisym- 
metric r^matrix of Z- Let (j) : Z > Z* be a linear isomorphism defined by: = B{x,.), Va; G 5 

and R : Z* — > Z the linear map defined by: R{f) = Y^^=i fi'^i)^i^ ^/ ^ 3*- Then, lA = R o (p is 
B — antisymmetric. Further, Z endowed with the product -k defined by x -k y ^ U (x) y + x U{y), Vx, y G Z 
is a Jordan algebra for which hi : (3,*) — > Z is a Jordan algebra isomorphism. 
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Proof. Let x,y,z G Z- Consider / := (j){x) = B{x, .), h := ^{y) = B{y, .) and I := (j}{z) = B{z, .). 

1. x^y = xU{y)+y U{x) = x{Ro (f>){y) + y{Ro (x) = xR{h) + yR{f) 

Hence, (f){x-ky) = <p{x)<p{y). Since 5* is a Jordan algebra and cj) is bijective, then (5,*) is isomorph 

to a*. 

2. Since R is antisymmetric, then < (j){x) , R{<j){y)) >= — < 4>{y) , R{<j){x)) >. Hence, B{x,U{y)) = 
—B{y,U{x)). Thus U is B— antisymmetric. 

3. Co(r) = 0. Thus, < ,f,R{h)R{l) > + < h,R{l)R{f ) > + < l,R{f)R{h) >= 0. Thus, B{x,U{y)U{z))+ 
B{y,U{z)U{x)) + B{z,U{x)U{y)) =0. It Mlows that, B{-U{xUiy)) -U{yU{x)) +U{x)U{y), z) = 

0. Hence, U{x U{y)) + hl{y U{x)) = U{x)U{y). Consequently, U{x -k y) = U{x)U{y). Thus W is a 
Jordan algebra morphism.D 

Remark 6 The converse of the last proposition is true. If U is a B — antisymmetric endomorphism of ^ 
such that the product given by: xi^y = U{x) y + xU{y), yx^yGZ, define a Jordan structure on Z, then 
the linear map R : Z* — > Z defined by R = U o (f)~^ , where (f){x) = B{x, .), Vx € Z, is a solution of the 
Yang Baxter equation. 

Proposition 6.2 Let {Z,B) be a pseudo-euclidean Jordan algebra and r = XliLi ^« ® ^» antisym- 
metric r— matrix. Let U : Z — > Z be the linear map defined byU = Rocj). Then, Im{U) = {U{x); x &Z} 
is a Jordan subalgebra ofZ- Further, the bilinear form w : Im{U) x Im{U) — > K defined by: 

w{U{x),U{y)) = B{U{x),y), \/x,y&Z, 

is a symplectic form on ImilA). 

Proof. Let x G kerU and y G Im{U). There exists z in Z such that y = U{z), then B{x,y) = 

B{xM{z)) = -B{U{x),z) = 0. Thus, Im{U) C {kerU)^. Since dim{lm{U)^= dim[(kerU)^^ , then 

Im{U) C {kerU)^. 

Let X = U{xo), y = U{yQ) G Im,{U) where x^.yo G Z and z G kerU. 

B{xy,z) = B{U{xa)Uiyo),z) = -B{U{z)U{xo),y(,) - B{U{yo)U{z),xo) = 0. 

Thus, ImiJA) is a subalgebra oiZ- Now, let xq, yo, 2:0 G 3 and x — U{xo), y ~ U{yo) et z = U{zq) G Im{U). 

oj{x,y) =u}{U{xo),U{yo)) ^ B{U{xo),ya) = -B{xo,U{yo)) 

= -u{U{yo),U{xo)) = -oj{y,x). 

Thus CO is antisymmetric. Further, 

^u;{xy,z) = ^u;{U{x-ky),U{zo)) = ^B{U{xo)U{yo), zq) = 0, 

eye eye eye 

because C^ir) = 0. Now, let a; G O- If uj{U{x),U{y)) = for all y in Z, then B{U{x),y) = 0, so U{x) = 0. 
Consequently, oJim{uxim{u is nondegenerate. It follows that, {Im{U),uJim{uxim{u) is a symplectic Jordan 
algebra. □ 
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Corollary 6.3 Let {Z, B) be a pseudo-euclidean Jordan algebra and r = ai ®bi £ Z ®Z such that 

T{r) — —r, C^{r) ~ and r nondegenerate. Then Z endowed with the bilinear form luu '. Z ^ Z — > IK 
defined by 

^u{x,y) := B{U^'^{x),y), \/x,yeZ, 

is a symplectic Jordan algebra. 

Proof. The fact that r is nondegenerate implies that U is invertible. It follows that, ImiU) = Z- The 
last proposition gives the result. □ 

Remark 7 LetlA be an invertible endomorphism ofZ- Then, U satisfies: 

U{u{x)y + xU{y))^U{x)Uiy), ^x^yeZ- 
if and only ifU^^ is a derivation of Z- 

Proposition 6.4 Let {Z, B) be a pseudo-euclidean Jordan algebra. Z have a .symplectic form lu, if and 
only if there exists a B -antisymmetric invertible derivation D ofZ such that U!{x,y) = B{D{x),y), ^x,y £ 
Z- 

Proof. Since B and lu are two nondegenerate bilinear form of Z, then there exists an invertible endo- 
morphism 6 of Z such that u}{x,y) = B{6{x),y), Vx,j/ G Z- Further, since lu is symplectic, then 

B{S{xy),z) = B{S{y),xz) Bi{S{x),yz) = B{5{y)x,z) + B{d{x)y,z), yx,y,z e Z- 

The fact that B is nondegenerate implies that S{xy) = S{x)y-\-xd{y), \/x, y, z G 3. Hence i5 is an invertible 
derivation of Z- Conversely, if (5 is a B— antisymmetric invertible derivation of 3, then it is clear that the 
bilinear form lu : Z ^ Z — > K defined by: uj{x, y) = B(5{x), y), Vx, ?/ G -3 is a symplectic form of Z- O 

Corollary 6.5 Let (Z,B,uj) be a symplectic pseudo-euclidean Jordan algebra. Then, there exists a 

B — antisymmetric endomorphism U : Z > Z satisfying U(U{x)y + xlA{y)) = lA{x)lA{y), Vx,?; G Z 

and such that lo — lou- 

Proof. Consider the B— antisymmetric invertible derivation D oiZ defined by uuix, y) = B{D(x), y), Vx, y G 
Z. Then, U = is B— antisymmetric and satisfies 

U{U{x)y + xU{y)) = U{x)U{y), Vx, y G Z-U 

The following Theorem gives a generalization of the Corollary [631 

Theorem 6.6 Let {ZtLu) be a symplectic Jordan algebra. Then, there exists a nondegenerate r— matrix 
which satisfies T{r) = —r, C^{r) — and such that lu = uju where lA is the endomorphism associate to r. 

Proof. Let {ei, ...,e„} be a base of Z- One poses OLij — Lu{ai,aj). Since the form lu is nondegenerate, 
then the matrix {aij)i<ij<n is invertible. Let {Pij)i<i.j<n be the inverse of the matrix (aij)i<ij<„ and 
r = 'Yliij f^ijifli ® It is clear that {(3ij)i<ij<n is an antisymmetric matrix. Thus r(r) = — r. Now 
we shall prove that C^ir) = 0. Let </> : Z — > Z* be the linear isomorphism given by (j){x) = uj{x, .) 
and R = Then, R satisfies the Yang Baxter equation. In fact. Let f,h,l G Z*- Then, there exists 
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x,y, z € Z such that / = (f>{x), h — (j){y) and I = 4>{z). Thus x = R{f), y = R{h) and z ~ R{1). It is easy 
to see that 

< /, R{h)R{l) > + <h, R{l)R{f) > + <l, R{f)R{h) uj{x, yz) + uj{y, xz) + uj{z, xy) = 0. 
Hence, R satisfies the YBE. It follows that, C^ir) = 0. □ 

Recall that to any unital pseudo-euclidean Jordan algebra one can apply the Tits Kantor Koecher 
construction {TKK construction) to obtain a quadratic Lie algebra ([S], [IH])- In the following, we are 
going to make a slight modification to this construction in order to obtain a quadratic Lie algebras 
{£,ie{Z), Be) starting from the pseudo-euclidean Jordan algebras (3, i?) which are not necessarily unital. 

Let (3, B) be a pseudo-euclidean Jordan algebra which is not necessarily unital. -3 is a copy of 3- One 
pose L(3) := vect{Lx, x e Z} and H(3) L{Z'^) © [L{Z),L{Z)] . On H{d) we define the bilinear form T 
by: 

r{Ra + Di,Rb + D2) = B{a,b) + n{Di,D2), ^a.beZ'', Di, D2 ^ [L{2), L{2)] ■ 
where Vt is given by: Q. : [L{Z),L{Z)] x [L{Z),L{Z)] — > K 

n n 
i=l i=l 

The bilinear form F is well defined because the orthogonal of (^Ann{Z)^ with respect B is 3^- 
The vector space £ie(3) = 3 ® W(3) ® 3 with the following bracket: 

[ri,T2] = [ri,r2]„ , [ri,a2] = r^ia^), [T^.b^l ^^T^ih), 

[01,62] = Raib2, [ai,a2] = [61,62] = 0, VTi G H(3), aj,6i e 3, « e {1,2}, 

is a Lie algebra. Moreover {Cie{Z), Be) is a quadratic Lie algebra, where the invariant sacalar product 
Bz is defined by: 

Be ■■ Cie{Z) = 3 © H(3) © 3 X /:ie(3) = 3 © W(3) © 3 — * K 

(xi = ai ©Ti + 67,2:2 = 02 + T2 + 6^) I — > r(ri,r2) + 25(01,62) + 25(02,61). 

Before starting the description of symplectic pseudo-euclidean Jordan algebras, it is natural to ask 
the following question: If (3, -S) is a pseudo-euclidean Jordan algebra and {£,ie{Z), Be) the Lie algebra 
constructed by the TKK construction from 3- Suppose that (3, B) has a symplectic structure. Then, 
does {£ie{Z), Be) admit a symplectic structure? 

We give the answer of this question in the following proposition. 

Proposition 6.7 Let (3,5,0;) be a symplectic pseudo-euclidean Jordan algebra. Let D be the derivation 
of Z defined by: uj{x,y) = B{D{x),y), Va;,y G 3- Define the linear map De ■ £ie(3) — > £ie(3) by 

De{a)^Dia), De{a) ^0(0), De{Ra) ^ Roia), and De{[Ra,Rb\) = [RD{a)A + [Ra,RD{b)\ , 

Vo, 6 G 3- Then, the bilinear form LOe defined on £ie(3), by: uje{x,y) = Be{De{x),y), Vx^y G 3, is a 
symplectic form if and only if De satisfies the following condition: 

De{[Rm,Rm) - [i?(3),i?(3)]. (21) 
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Proof. Since D is a derivation of then 

D{{x, y, z)) = iD{x),y, z) + (x, D{y),z) + {x, y, D{z)), \/x, y,z eZ- 

Consequently Dc is a derivation of £ie{Z)- Moreover the fact that D is S— antisymmetric implies that Dc 
is antisymmetric. Next, it is clear that Dc is invertible if and only if Dc{[R{Z), R{Z)]) — [R{Z), R{Z)] ■ 
□ 

Definition 6.4 Let {G ^ Go ® Gi,B) be a quadratic Z2— graded Lie algebra. We say that {G = Go ® 
Gi,B,Lu) is a symplectic quadratic Z,2— graded Lie algebra, if lu : G ^ G — >■ K is a nondegenerate anti- 
symmetric bilinear form which satisfies: 

cj([x,y] ,2) +w([y,z] + uj{[z,x] ,y), 'ix,y,z e G 

and such that uj{GoiGi) ~ {0}. 

Remark 8 Let {Z,B,lu) be a symplectic pseudo-euclidean Jordan algebra and D be the antisymmetric 
invertible derivation of Z such that uj{x,y) = B{D(x),y), Vx^y G Z- If Ds^ satisfies the condition 
dH]), then {£ie{Z) = ^ie{Z)d © ■G«e(3)i, -Bfi, ^s), where LJs:{x,y) = Bs,{Dsi{x),y), Vx,?/ e £«e(3), is a 
symplectic quadratic ^,2^ graded Lie algebra. 

We are going to give an example of nonassociative Jordan algebra which admits a derivation satisfying 
the condition (|2ip . 

Example. Let A = K[X] (K = M or C) and O = XA the ideal of A generated by {X}. Let us 
consider O := 0/X"'0, n G N*. O is an associative algebra generated by {X, X"^, X"-}. Let -3 be an r 
dimension Jordan algebra (r e N*). The vector space Z = Z®0, endowed with the following commutatif 
product: 

{x ® P)(y Q) = {xy) ® (PQ), Vx, yeZ, yP,Q e O, 
is a Jordan algebra. Now, let Z® {Z)* be the trivial T*— extension oiZ and / := {1, x {1, ...,n}. Let 
{ei)i<i<r be a base of Z- Then, ( ea :— Ci (g) X^ ] is a base of Z- Let ( e*,- ) be the dual base of 

Z associate to I ) . For all j £ {1, n}, denote by Zj = 3 ® XK It is easy to see that if a e Zi 

and b € Zj, then ab € Zi+j ii i + j < n and ab — if i + j > n. Let us consider the endomorphism D of 
Z defined by: D{x (E> X"^) = ix ® X^, Vx G 3, G {1, n}. Then, I? is a derivation of Z- It is easy to 
verify that the map D : Z ® (Z)* — > Z © {Z)* defined by: 

Dia + f) = D{a) -foD, ^aeZ^feZ* 

is a derivation of 3 ® (3)*- On the other hand, let i,k,t^ {!,... ,r} and j, ^ G {l,...,n}. We have: 

Since 

4j ° [RenRe^i, " ^e,,e„)(epq) = 6^ J Cj; (e,j Bp,) J -6^ J (et/Bij )ep J = 
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because 



eaieijCpq), {etie.ij)epq G Zj+i+q ii j + I + q < n 
and {etiieijepq = {etieij)epq ^Q\ij + l + q>n. 

Hence, if we consider Ii := k, I), (fc, I) € I, where j ^ I}, then 



[Ri5,R{5]=Vecti U ({[i?e.,,i?e.J 



Re* . Re' 



}))uf U 



By the definition of D, we have: D{eij) — ieij and D{e*j)[eki) — —e*j{D{eki)) = —le*j{eki)- Hence 
Die*^)ieki) = if ^ {k,l) and ^(e^)(e,,) = -j. It follows that, D{e*j) = -je*^. 



It follows that, 
Hence, I) satisfies the condition (HI]). 



= -(j + 
[5, [i?(5,i?(5]] = [i?(5,i?(5] 



7 Descriptions of symplectic pseudo-euclidean Jordan algebras 

In this section, IK is algebraically closed. 

Theorem 7.1 Let {Zi, Bi,uji) he a symplectic pseudo-euclidean Jordan algebras, oq G Zi, A G IK and 5 

the invertible derivation of Zi such that 

^i{x,y) = Bi{6{x),y), Vx,ye3i. 
Let {D,xo) G Ends{Zi) x 3i be an admissible pair such that 



D{an) = Xxo + ^S{xo) 



Rao =5D- D5 + AD, Vx G ^i- 



Let (-3 = Ka © -3i ® IK6, _B) be the generalized double extension o/(-3i,^i) by the one dimensional Jordan 
algebra with zero product by means of {D,xo). Then, the endomorphism A of ^ defined by: 

A{b) = Xb, A{x) = S{x) - Bi{ao, x)b, A(a) = oq - Aa, Vx G 3i, 

is a B ~ antisymmetric invertible derivation of Z- Thus the antisymmetric bilinear form lj of Z defined 
by: Lu{x,y) — B{A{x),y), Vx,?/ G -3, is a symplectic form on Z- 

The algebra (3, B, uj) obtained above is called the symplectic pseudo-euclidean double extension of(Zi, ^i, ^i) 
(by means of [D, xq, ag. A) G End{Zi) x x x K). 



27 



Proof. The product on Z is denoted by Let x,y G Zi, then, we have 

A(a:*a) - A{x) -k a - x * A{a) = 5D{x) - D5{x) - gqx + \D{x) + Bi{2\xa - ao + S{xo) -D{ao),x)b = 0. 

Aix *y)- A{x) *y~x* A{y) = S{xy) - 5{x)y - x5{y) + Bi (^{XD - Ra, - D6 + 5D){x), y)b^O. 
A(a*a) - 2a*D{a) = 6{xo) - 2D(ao) + 2\xo + 3{k\ - Bi{ao,xo))b = 0. 

Hence, A is a derivation of J. Moreover, since S is invertible, then A is invertible too. Thus, the 
bihnear form oj defined on Z by: y) = B{A{x), y), Vx, y G 5, is a symplectic form on 3- D 

Lemma 7.2 Let ^ be a Jordan algebra. If Z admits an invertible derivation, then Z is nilpotent. 

Proof. Let Ra{Z) be the nilpotent radical of 5 and let 5 be a semi-simple subalgebra of 3 such that 
3 = i?a(3) ® S. The map 

6 : S — >5 

X I — > S{x) Ps o D{x), 

where Ps : 3 — > S is defined by Ps{s + r) — s, V(s,r) G 5 x Ra{Z), is a derivation of 5. In fact. Let 
x,y eS. One poses D{x) — xi -\- X2, D{y) = yi + y2 where xi,yi G S and X2,y2 G Ra{Z). 

6{xy) = ps{D{xy)) = ps{xD{y) + D{x)y) = xy2 + a^iy = x5{y) + (5(x)y. 

Thus ^ is a derivation of S. Now, let x G 5 such that 5{x) = 0. Thus, D{x) = r G i?a(5)- Hence, 
D~^{r) = X G S, which is impossible because D~^{Ra{Z)) = Ra{Z). It follows that, 6 is injective. On 
the other hand, since S is semi-simple, then it admits a unital element e. Thus S{e) = 0. It follows that 
e = 0. Which show that S ~ {0}. Hence 3 = Ra{Z). Thus -J is nilpotent. □ 

Theorem 7.3 Let (Z,B,lu) be a symplectic pseudo-euclidean Jordan algebra such that Z 7^ {0}. Then 
{Z,B,uj) is a symplectic pseudo-euclidean double extension of a symplectic pseudo-euclidean Jordan alge- 
bra (w,T, n). 

Proof. Let A be the invertible B— antisymmetric derivation of Z defined by, uj{x, y) — B{A{x), y) for all 
x,y G Z- Since Z is nilpotent (see the Lemma [7^ . then Ann{Z) ^ {0}. Let x G Ann{Z)\{0}, then 

A{x)y = A{xy) - xA{y) = 0, Vy G 5- 

Hence A(a;) G Ann{Z)- It follows that, A(Ann{Z)) = Ann{Z). Let A be an eigenvalue of Ai^^^^^^. Let 
b G Ann{Z) such that A(6) = \b. Then = uj{b, b) = \B{b, b). Which imphes that B{b, b) = 0. One pose 
T = Kb and the i?— orthogonal of T. Let a G 3 such that B{a, a) = 0, B{a, b) = 1 and 3 = Ka © T-*-. 
By the Theorem I4.4[ the pseudo-euclidean Jordan algebra (5, B) is a generalized double extension of 
the pseudo-euclidean Jordan algebra (W — (Ka © K5)^,r := by the one dimensional Jordan 

algebra with zero product by means of the pair {D, xq) G Ends{yV) x W defined by: D = p o R^^^ and 
xq = po Ra{a), where p : W (BKb — > W is the projection defined by p{x + ab) ^ x, Va; G W, a G K. 
The product in J = Ka © W © Kb is denoted by ★ and given by: 

' &*3={0}, 

a-k a = wq = xq + kb, 

X -k y -.^ xy + B{D{x),y)b, Va;,yGyV. 
a * x = L){x) -\- B(xo, x)b 
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where xy is the multiplication of a; by y in W. Let x G W. We have B{A{x),b) = —B{x,A{b)) = 
-XB{x, b) = 0. Thus A(>V) C = W © K5. We obtain: 

A(6) = A6, A{x)=S{x) + ^lj{x)b, yx€W, A{a) = aa + ao + Pb, 

where 6 is an endomorphism of W, ih is a linear form of W, G K and Uq € W. The fact that A is 
B— antisymmetric and B{a, a) = implies, that 5 is T— antisymmetric, /3 = 0, a = —A and tl) = —B{ao, .). 
Thus, 

A{x) = 6{x) - B{ao, x), Va; e W A(a) = aa + gq. 

Further, the fact that A is an invertible derivation of Z, implies that 6 is an invertible derivation of W 
and 

d{xo)=2D{ao)-2Xxo, kX = B{ao,xo), Rao\^ = 5D - D5 + \D. 

Since 5 is an invertible T— antisymmetric derivation of W, then the bilinear form O : W x W — > K 
defined by: Q.{x,y) := T{6{x),y), Va;,y e W is a symplectic form on W. □ 

Corollary 7.4 Let {Z,B,uj) be a symplectic pseudo-euclidean Jordan algebra. Then {^,B,u)) is obtained 
from the algebras {0} by a finite sequence of symplectic pseudo-euclidean double extensions of symplectic 
pseudo-euclidean Jordan algebras. 

8 Jordan-Manin Algebras 

8.1 Double extensions of Jordan-Manin algebras 

Definition 8.1 A pseudo-euclidean Jordan algebra (5, -B) is said Jordan-Manin algebra if there exists 
two totaly isotropic subalgebras U,VofZ such that Z = U ®V. In this case the triple [Z, U, V) is said a 
Jordan-Manin triple. 

Theorem 8.1 Let {Z = U(BV,B) be a Jordan-Manin algebra. Let {D,xo) S Ends{Z)xZ be an admissible 

pair of Z such that D{V) C V and xq £ V. The Jordan algebra obtained by generalized double extension 
of Z by means of {D, xq, 0) is a Jordan-Manin algebra {Z = W (BV ,B), where W =U ® K6 is the direct 
product of U and K6 and V = V ® Ka is the generalized semi-direct product of V by Ka by means of 

Proof. The associatif scalar product on Z is given by 

=B, B{a,b) = 1, B{a,Z) = B{b,Z) = {0} et B{a, a) = B{b,b) = 0. 

Let W = U (B^b and V = V © Ka. It is easy to see that W and V" are two totaly isotropic subalgebra 
of Z- Further, it is clear that Z = 1^' ® V. Thus 5 is a Jordan-Manin algebra. □ 

Definition 8.2 The Jordan-Manin algebra {Z =t(' (B V',B) is said the double extension of the Jordan- 
Manin algebra {Z =1^ ®V,B) by the one dimensional algebra with zero product by means of {D, xq)- 

Theorem 8.2 Let {Z = U®V,B) be a Jordan-Manin algebra. IfUC\Ann{Z) {0} orV<r\Ann{Z) 7^ {0}, 
then Z is the double extension of the Jordan-Manin algebra (W = W (B V,T) by the one dimensional 
Jordan algebra to null product. 
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Proof. Suppose that U n Ann{Z) ^ {0}. Let 6 G n Ann{Z) \ {0}. There exists a £ V such that 
B{a,a) — 0, B{a,b) = 1 and 5 = (Kfe)-*- © Ka. By the proof of the Theorem 14. 4[ 3 is the generahzed 
double extension of W = (Ka © K6)-'- by the one dimensional Jordan algebra with zero product by means 
of the pair (D^xq) e i;n4 (W) x W defined by: D =poi?„|^ and ccq =poRa{a), where p : >V©K6 — > W 
is the projection defined by p{x + ab) = x, Va; e W, a S K. The product in -3 = Ka © W © K6 is given 
by: 

r 6*3-{0}, 

I a ★ a = xq + kb, 

I a;*y = /3(a;,y)+B(L>(a;),y)6, Vx,2/eW. 
[ a-k X ^ D{x) + B(xQ,x)b, 

where /? is a Jordan product on W and fc G K. We have I = Kb C U, thus W"*" C T-^. Since W = W-*", 
then U C X-^. It follows that, = W © (V n J-^). Further, V n J-^ C W because if a; G V n X^, then 
S(a, cc) = B{b, x) = 0. Hence, W = (iY n W) © (V n X-^). One poses W ^ U nW and V ^ V nl^ . It 
is clear that V' is an ideal of V. Thus, for allveV',a*v€ V. Hence, D{v) + B{v,xo)b G V Vv G V. 
It follows that, B{v,xo) = and D{v) G V, Vt; G V. Hence, xo G (V)-^ n W = V and D(V') C V. 
Further, ^Y' and V are two subalgebra of W. In fact, let x,y £ W , then a(a;, y) — x*y~ B{D{x), y)b G W 
because b £U. Since a(a;, y) G W, then Q;(a:, y) G W . The fact that V" is stable under £) and that V C V 
is totally isotropic implies that V" is a subalgebra of W. Further , it is clear that W and V" are totally 
isotropic. It follows that, {D, xq) is an admissible pair of W = W © V" such that xq G V" and D{V') C V". 
Hence = © V is a double extension of the Jordan-Manin algebra W = W ® V by means of {D,xo). 
For the other case V fl Ann{^) ^ {0}, the proof is similar. □ 

Lemma 8.3 Let — U Q) V , B) be a Jordan-Manin algebra. If 2 is nilpotent, then hi H Ann{Z) ^ {0} 
andV r]Ann{Z) 7^ {0}. 

Proof. Suppose that lA fl Ann{'^) = {0}. One poses Lq = VAnn{U) = {xy; a; G V and y G Ann{U)}. It 
is easy to check that Lq ^ {0} and include in U. Consider Xq the ideal ofU generated by Lq. Then Xq is 

a non-zero ideal of the nilpotent algebra U. Thus, Xq n Ami{U) ^ {0}. Now, let Li = v(Zo n Ann{ll)^ . 

It is clear that Li ^ {0} and include in U. Let Xi be the ideal of U generated by Li. By the same 
argument, we show that Xi fl AnnilJ) ^ {0}. We repeat this process and we obtain the subsets sequence 
(L„)„gN of U and the ideals sequence (J„)„gN oiU defined by Lq — VAnn{U), L„ = ViXn-i fl AnniU)), 
and Xn is an ideal generated by L„ Vn G N. It is easy to see that for all n G N, Jn is a non-zero ideal of 
U and that for all n G N Z„ C C"+^(5). which contradict the fact that Z is nilpotent. For the other case 
V n Ann{Z) 7^ {0} the proof is similar. □ 

The following Corollary is a consequence of the Theorem 18.21 and the Lemma 18.31 

Corollary 8.4 Let (-3 = W © V,i?) be a Jordan-Manin algebra. If Z is nilpotent, then -3 is the double 
extension of a Jordan-Manin algebra (W, T) by the one dimensional algebra with zero product. 

Corollary 8.5 Let (-3 = © V, -B) 6e a nilpotent Jordan-Manin algebra. Then, Z is obtained from 
the two dimension Jordan-Manin algebra by a finite sequence of Manin double extensions of nilpotent 
Jordan-Manin algebras. 

8.2 Symplectic Jordan-Manin algebras 

Definition 8.3 Jordan-Manin (-3 = Z^/ © V, -B) is said symplectic Jordan-Manin algebra if there exists a 
symplectic structure uj on 2 satisfying uj{hi,U) = LoiV, V) = {0}. 
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The study of symplectic Jordan-Manin algebra is intersting because every pseudo-euclidean symplectic 
Jordan algebras is a symplectic Jordan-Manin algebra (see. Proposition 18. 7p . This result, will be proved 
in the Proposition 18. 71 The proof of the Proposition 18.71 is based on the following Lemma (Proposition2. 
(m). p. 8 of 5 ). 

Lemma 8.6 0) Let £, f , J- he a vector spaces and S he a set. Let r : S — > End{£), r' : S — > 
End[£') and q : S — > End{T). For all \ : S — > K, one pose: 

= {x e V.S e S*, {r{s) - \{s)T{x) = 0, for n £ N*}. 

Let a : £ X £' — > T be a bilinear map such that: 

q{s)a{x, x') ~ a{r{s)x, x') + a{x, r'{s)x'), Vs G 5*, a; G £, a;' G £' . 

Then, For all maps X, fi : S — > IK, we have a(^£{X),£'{fi)jc ^(A + /i). 

Proposition 8.7 Let {^,B,uj) he a symplectic pseudo-euclidean Jordan algebra over an algebraically 
closed fields IK. Then, there exists two subalgebras lA and V of ^ such that — U Q) V,B,uj) is a 
symplectic Jordan-Manin algebra. 

Proof. Let D be the derivation defined by Lu{x,y) = B{D{x),y) for all x,y <E Let Sp{D) the set of 
the eigenvalues of D. One pose 

Sp+ = {A e Sp{D); Re(A) > 0} U {A G Sp{D); Re(A) = and Im{X) > 0} 
= {Sp{D) U «+) and Sp- = {A G Sp{D); -X G Sp+}. 

It is clear that Sp{D) — Sp^ U Sp^ and 5*^+ fl Sp^ — 0. Now, one poses 

U= 3(A), V= ^ 3(A), 

where 3(A) = {a; G J; {D ~ Aid^)''*™^^' (x) — 0}. U and V are two subalgebras of Z- In fact, if we consider 
in the Proposition 18. 61 £ — £' — !F = S — Z and we define 

: 3 X 5 > 5, r -.Z — > End(5) and r' = q = r. 

{x,y)i — ^xy, XI — >D 

Since Z? is a derivation, then 

q{x)(j{y, z) = <T{r{x)y, z) + a{y, r'{x)z), Vx, y, z G -3- 

Thus, bv the PropositionlS^ we have a(^,lfA). -.Tf^)^ C Z(X + fi). VA, ^ G K. Thus 3(A)3(a*) C 3(A + ^), VA, ^G 
IK. Thus, U and V are two subalgebras of Z- Now, we use the same proposition, to prove that U and V 
arc totally isotropic. One pose £ = £' = S = Z, J'=^ and define 

r = r' : 3 — > End{Z) et q : Z — > End{K) 
X I — > D, X I — > 0, 
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Since D is i3— antisymmetric, then 

q{x)B{y, z) = B{r{x)y, z) + B{y, r(x)z) = 0, Va;, y, z £ -3. 

It follows that, by the Proposition l8.61 we have i?(3(A), C ]K(A + /i). 

However, ]K(A) := {a e K; (g(a;)-A)"(Q) = 0; where n £ N*} = {a G K; aA = 0}. 

It follows that, for all A 7^ 0, we have IK(A) — {0}. Consequently, since the sum of two elements of Sp^ 
(resp. Sp") is not zero, then U and V are totally isotropic (i.e. B{U,U) = U{V,V) = 0). It follows 
that, U and V are two Z?— stable totally isotropic subalgebras of 3 wich satisfies ^ = U (B V. Hence, 
[2 =U ®U,B, ijj) is a symplectic Jordan-Manin algebra. □ 

Theorem 8.8 Let (3i = Ui © Vi,-Bi,wi) he a symplectic Jordan-Manin algebra. Let gq £ Vi, A G K and 
6 be the invertible derivation of Zi defined by 

^i{x,y) = Bi{6{x),y), Va;,ye5i- 

Let {D,xo) G Ends{Zi) x be an admissible pair such that: 

D{V) C V, xoeV D{aa) = Axq + ]^5{xo) Ra^ ^ SD - DS + XD. 

Then, the symplectic pseudo-euclidean double extension {Z,B,uj) of {Zi =lAi © Vi,-Bi,wi) by means of 
(D, xq, oq, X) is a symplectic Jordan-Manin algebra. 

Proof. By the Theorem 17.11 the Jordan algebra {Z,B,uj) is symplectic and pseudo-euclidean, where 
Lij{x,y) — B{/S.(x),y), Va;,y G 5, and A is the i3— antisymmetric invertible derivation of {Z,B) defined 
by: 

A(6) = A6, /^{x) ^ 6{x) ~ Bi{a(3,x)b, A{a) = aa - Xa, Vx e Zi- 

Further, by the Theorem \8J\ The algebra {Z ®V,B) where U = Hi ® Kb, V ^ Vi ® Ka est is a 
Jordan-Manin algebra. It remains to be shown that A(i^) = U and A(V) = V. In fact, let u = ui-\-ab G U. 

A{u) = A{ui) + aA{b) = S{ui) -f {aXb - Bi{ao, ui))b e U. 

Let t> = wi -f /3a G V. 

A{v) = A{vi) + (3A{a) = 5{vi) - Poq - pXa e V.D 



Definition 8.4 The algebra (5 = © V,B,lu) constructed above is said the symplectic- Manin double 
extension of the symplectic Jordan-Manin algebra {Zi = Ui® Vi, Si, wi) by means of {D, xq, aq. A). 

Theorem 8.9 Let (Z — Z//©V, B, uj) be a symplectic Jordan-Manin algebra. Let A be the B — antisymmetric 
invertible derivation defined by Lu{x,y) — B{A{x),y), Vx,j/ d Z- If A admits an eigenvector c G 
Ann(Z) Ci U -\- Ann{Z) H V, then {Z — ® V, B,^) is the symplectic- Manin double extension of the 
symplectic Jordan-Manin algebra (W = U' ® V , T, Vl) by means of {D, xo,ao. A) G End(W) x V' x V" x K 
satisfying D(V') C V. 
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Proof. Let c £ Ann{Z) CiH + Ann{Z) n V such that c ^ and A(c) = Ac where A 6 K. One poses 
c = 6 + 6' where b e Ann(3) n U and &' G Ann{^) Ci V. Since and V are stable by A, then A(5) = A6 
and A(6') — Xb' . Since c 7^ 0, then 6 7^ or 6' ^ 0. Suppose that 6 7^ (if 6' 7^ the same demonstration 
is remade). Since b e ylnn(3) H W \ {0}, then there exists a £ V such that B(a, a) = 0, B{a, b) — 1 and 
3 = Ka © (K6)-^. By the Theorem 17.31 (7'uB. oj) is the symplectic pseudo-euchdean double extension of 
(W = (Ka © Kb)^,T, S) by means of (£», xq, oq, A) G End{W) x W x W x K, where ao = p' o A(a) and 
{D, xq) an admissible pair defined by: D = poi?„|^ and xq — poRa{a), where p (resp. p') is the projection 
of W © K6 (resp. W © Ka) in W defined by p{x + ab) = x (resp. p'lx + aa) = x), Va; G W, a G K. 

Recall that, S — po A|^. On the other hand, by the Theorem 18. 21 — U®V,B) is the Manin double 
extension of the Jordan-Manin algebra (W = (Ku © Kw)-*-, T) by the one dimensional algebra with zero 
product by means of the admissible pair {D, xo) whereD(V') C V and xq G V. Recall that, W = hC (BV 
where W =U nW and V' = V n (Ku)^. Since U and V are stable by A, then U' et V' are stable by S 
too. Moreover, A(a) = ao — Aa. Thus, ao — Aa G V because a G V. Hence, ao G V. On the other hand, 

B{A{a),b) = -B(a, A(6)) = -XB{a,b) = B{-Xa,b). 

Thus, B{ao,b) = 0. It follows that oq G (K6)^. Hence, ao G V. We conclude by the Theorem [8?8l 
that, (3 = W © V, S, uj) is the symplectic-Manin double extension of a symplectic Jordan-Manin algebra 
{W ® V, r, 1^) by means of (£>, a;o, oq, A). □ 



9 Characterizations of semisimple Jordan algebras 

In this section we are going to give some new charcterizations of semisimple Jordan algebras among the 
pseudo-euclidean Jordan algebras. 



9.1 Characterization via the representations of Jordan algebra 

Recall that, by Theorem of Albert ([S], Theorem 4.5), a Jordan algebra 3 is semisimple if and only if 
its Albert form 21 : J x 3 ^ K defined by: 2l(x,i/) — tr{Rxy), Va;,y G 3 is non-degenerate. Now, we 
are going to give an answer to the following question: Let J be a Jordan algebra and n : ^ —>■ End(V) 
be a representation of finite dimension of J. Consider the bilinear form B-rr : 5 x 3 ^ K defined by: 

B-K{x,y) = tr(^TT{xy)j ,yx,y G J (we say that Bt^ is the biliner form of 3 associate to representation tt). 

What about the structure of Jordan algebra 5 such that Bj^ is non-degenerate? 

Proposition 9.1 Let ^ be a Jordan algebra and tt : 3 — > End{V) be a finite- dimensional representation 
of Z- Then, the bilinear form B : Z x Z — > K defined by: 



B^{x,y) = tr(j:{xy)j ,Wx,y 
is symmetric and associative. 

Proof. Let x,y, z E Z- Bt^{x, y) — trl n{xy) \ — tri Ti{yx) ) — B{y, x), then B^^ is symmetric. Now, 



B 



'^{xy,z) - B^{x,yz) = tr(j:(^{xy)z - x{yz)j'j::= tr(n(^{x,y, z)jy 
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By Corollarv l3.31 we have 7r|^(x, y,z)j— [Tr{y), [tt{x),'k{z)]]. It follows that tr\^n\^{x, y, — t^ii'^iv): ''^i^)]]) = 

0, so BTr{xy,z) — BTr{x,yz) — 0. Consequently, B is associative. □ 

The following Lemma is the first step to study the non-degeneracy of B^^. 

Lemma 9.2 Let ^ be a Jordan Algebra. Then, -3 is nilpotent if and only if n^x) is nilpotent, for all 
finite- dimensional representation tt o/J and for all x 

Proof. Let J be a Jordan Algebra and let tt : J — > End{V) be a finite-dimensional representation of ^. 
Then the vector space 5 = 5 © V with the following product 

{x + v){y + w) — xy + it{x)w + Tr{y)v, Vx, y ^ Z,v,w ^ V, 

is a Jordan Algebra. It is clear that V is an ideal of 5 such that vw — 0, Vw, w € V, then V is an ideal 
nilpotent of -J. Consequently, V is contained in the radical Ra{^) of 3- 

Suppose that ^ is not nilpotent, then, ^ = S ® Ra{Z) where S ^ {0} is a semi-simple subalgebra of 
C5. Consequently, the Jordan algebras ^/V and 5 Ra{Z/V) are isomorphic. Let (j) : ^ ^ 3/V be the 
canonical surjection. Since S* fl V = {0}, then (f> : S — > 0(5') is an isomorphism of Jordan Algebras. 
It follows that (f>{S) is semi-simple. Moreover 5/V is nilpotent because 3 is nilpotent, then (t){S) is also 
nilpotent, so 0(5) = {0}. Therefore, S C V, which contradicts S ^ {0}. We conclude that ^ is nilpotent. 
consequently, ■k{x) is nilpotent for all a; £ 3- 

Conversely, we have, in particular, is nilpotent for all a; e 3 where K is the adjoint representation 
of 5, so Z est nilpotente ( [H], Theorem 4.3).n 

Theorem 9.3 Let Z be a Jordan algebra. Then the following assertions are equivalent: 
(i) Z is semi- simple; 

(ii) There exists a finite- dimensional representation tt ; 3 x 3 ~^ End(y) of Z such that the bilinear 
form B :Z xZ defined by B{x,y) — tr{'K{xy)),\/x,y G Zi is non- degenerate. 

Proof. 

If Z is semi-simple, then by Theorem of Albert ([14], Tft,eorem4.5), the bilinear form _B : J x J ^ K 
defined by : B{x,y) = tr{Rxy),yx,y £ Z, is non-degenerate. 

Conversely, suppose that there exists a representation t: : Z x Z — > End{V) such that the bilinear 
form B de Z defined by: B{x,y) = tr{TT{xy)),\/x,y G Z, is non-degenerate. Let x £ Z and r G Ra{Z), 
where Ra(Z) is the radical de Z- The previous Lemma implie that T:{rx) is nilpotent, hence B{r,x) = 
tr{n{rx)) — 0. The fact that B is non-degenerate implies that r = 0. Which proves that Ra{Z) — {0}. 
We conclude that Z is semi-simple. □ 

9.2 Opertors of Casimir type of pseudo-euclidean Jordan algebra 

Now, we are going to give a characterization of semi-simple Jordan algebra by using an operator called 
opertor of Casimir type. Let (5, B) be a pseudo-euclidean Jordan algebra of dimension n. We consider 
(3 — {ei,...,e„}, 13' — {e'j^, ej^}, two basis of Z such that B{ei,e'j) = (5^, \/i,j G where 5ij 

is Kronecker's symbol. Let us consider c — X]r=i ^j^i' then the operator Rc : Z Z defined by: 
Rc{x) = x{eie'^,yx G 5- Ifr = {/i, ...,/„}, F' = {/{, two other basis of Z such that 

B{fi,f'j) — Sij yi,j G {1, ...,n}, in the following Lemma, we prove in particular that Rc = Rd, where 

^ ~ Si=l fifi- 
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Lemma 9.4 Let [Z, B) he a pseudo-euclidean Jordan algebra. 

(1) For all x.y £ Z, we have ^(x,y) = B(Rc{x),y) (where ^ is the Albert form of ^ ) ; 

(2) Rc = Re'-, 

(3) For all a; G 5, on a R^. o R^ = R^ o R^. 

Proof. (1) Let x.yeZ, B{R,{x),y) = ELi ^(^e.ej (a;), y) = Y.t^B{e,e[,xy) = Y.l=iB{{xy)e,,e[) = 
trR^y = 2t(a;,y). 

(2) By (1), it is clear that B{Rc'{x),y) = 2l(a;,y) = B{Rc{x),y), \/x,y e Z- The fact that B is 
non-degenerate imphes that i?c = Rc'- 

(3) Let x,y,z e 3, B{RMy),z) - BiRMy),z) = B{R,{yx),z) - B{R,{y),xz) = ^{yx,z) - 
^{y, xz) — 0. The fact that B is non-degenerate imphes that R^Rxiy) = RxRc{y)- D 

Definition 9.1 Rc is called the operateur of Casimir type of the pseudo-euclidean Jordan algebra (3, B). 

Proposition 9.5 3 is semi-simple if and only if Rc is invertible. 

Proof. Let x,y € Z, by Lemma 1231 we have ^{x,y) = B{Rc{x),y). Consequently, the Albert form 21 is 
non-degenerate if and only if the operator Rc est invertible. Then we conclude, by Theorem 4.5 of [14] . 
that 3 is semi-simple if and only if Rc is invertible. □ 

Proposition 9.6 Let (3, -B) be an B— irreducible pseudo-euclidean Jordan algebra. Then the operator of 
Casimir Type Rc of (-3, B) is either nilpotent or invertible. 

Proof. It is known that there exists n £ N such that 5 = ker{Rc)" Lm{Rc)"' . It is easy to see that 
B{ker{Rcy\Lm{RcT) = {0}, so {ker{RcT)^ = Im(RcY . Moreover, by Lemma ker{RcY is an 
ideal of Z- Consequently, ker{Rc)" = {0} or ker{RcY = 3- We conclude that Rc is either nilpotent or 
invertible. □ 

Proposition 9.7 Let (-3, B) be a pseudo-euclidean Jordan algebra and Rc be the operator of Casimir 
Type of B). Then Rc is nilpotent if and only if Z is a Jordan algebra without nonzero semisimple 
ideal. 

Proof. Suppose that -3 contain a semisimple 2. By Lemma 12.21 2 and 2-^ are non-degenerate ideals of 
3 and -3 = X © 2^. It follows that Rc^^ is the operateur of Casimir type of (X, B\^^^) where Rc is the 
operator of Casimir type of (3, If I 7^ {0}, then Rc^^ is invertible, so Rc is not nilpotent. 

Conversely, suppose that Z is without nonzero semisimple ideal then Z is an orthogonal direct sum 
of irreducible non-degenerate ideals Zk, k G {1, . . . Let us set Rk the operator of Casimir type of 
the pseudo-euclidean Jordan algebra [Zk,B\ ^, ), where k G {1, . . . ,p}. It is clear that Rc: — Rk, for 

all A: G {1, . . . Since, by Propositions 19.51 and 19.61 Rk is nilpotent, for all fc G {1, . . . then Rc is 
nilpotent. □ 

Corollary 9.8 Let {Z, B) be a pseudo-euclidean Jordan Algebra and Rc be its operator of Casimir type. 
Let S be the largest semisimple ideal ofZ- Then Z = S (B S'^ is the Fitting decomposition of Z relative to 
Rc- 

Proof. By Lemma [2.21 S and S-^ are non-degenerate ideals of Z and Z — S (B S-^. It follows that 
the operator of Casimir type of (S^B^^^^) (resp. {S^ , B^^^^^^ j) is T :— {Rc)\g (resp. L := (i?c)|^^). 

Moreover, T is invertible because S is semisimple and L is nilpotent because S'^ is a Jordan algebra 
without nonzero semisimple ideal. □ 
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9.3 Characterization by means of the index of Jordan algebra 

In this subsection, K = MorC. Let {^,B) be a pseudo-euclidean Jordan algebra. We denote by ^{Z) the 
vector space of all associative symmetric bilinear forms on Z and by 25(5) the subspace of ^{Z) spanned 
by the set of the associative scalar products on 3- 

Lemma 9.9 «8(a) = 3^(3). 

Proof. Let B be an associative scalar product on -3 and (p £ "SiZ)- Let T be a basis of 3, M{B) 
and M((p) the associated matrices of B and (p in T. Since B is non-degenerate, then there exists /, 
a linear map of Z into itself, such that ip{x,y) — B{f{x),y), Vx,?/ € Z- Let M{f) be the matrix of / 
in T, so mI(p) = ^M{f)M{B). Consider the polynomial P[X) = det{M{ip) - XM{B)) G C[X], then 
P{X) — det{M{B))det{M{f) — XI^) where n is the dimension of -3- Consequently, P{X) is a non-zero 
polynomial; so there exists A G K such that P{X) ^ 0. Therefore Lp — XB is non-degenerate, it follows 
that (f ^ ip - XB) + XB e We conclude that g-(a) = «8(a). □ 

Definition 9.2 Let (5,-8) be a pseudo-euclidean Jordan algebra. The dimension o/5B((?) is called the 
index of Z and will be denoted by ind{Z)- 

Proposition 9.10 If Z is a simple Jordan algebra over C, then ind{Z) = 1- 



Proof. Since 2 is simple then, by Theorem of Albert (pH], Theorem 4.5), the Albert form 21 of 5 is an 
associative scalar product on -3. Now, let B be an associative scalar product on 3- Then there exists an 
endomorphism D oiZ such that B{x^ y) — %{D{x), y), Vx, y G 0- If A G K, the bilinear form B' of 5 defined 
by: B'{x, y) = ^{D{x) — Ax, y), Vx, ?/ G 3, is associative. If A is an eigenvalue of D and v is an eigenvector 
for A , then B'{v, y) = 0, Vy G 5 and rad{B') := {x G Z; B'{x, y) = 0, V?/ G 5} ^ {0}. Moreover, rad{B') 
is an ideal of -3, it follows that rad{B') — Z- Therefore D — Xid^ — 0, so B{x, y) — X%{x^ y), Vx, ?/ G J. □ 

Proposition 9.11 Let (ZiB) be a pseudo-euclidean Jordan algebra. If ind(Z) = 1; then Z is either a 
simple Jordan algeba or Z is the one- dimensional algebra with zero product. 

Proof. If ind{Z) — 1, then Z is irreducible. Assume that Z is neither simple nor the one-dimensional 
algebra with zero product. Then, by Corollary 14.31 and Theorem 14.41 5 is either a double extension 
of a pseudo-euclidean Jordan algebra by a simple Jordan algebra or a generalized double extension of 
a pseudo-euclidean Jordan algebra by the one-dimensional algebra with zero product. If -3^ = 3 (i.e. 
Ann{Z) — {0}), then 3 is a double extension of a pseudo-euclidean Jordan algebra (>V,T) by a simple 
Jordan algebra S. Moreover, by Theorem 13. 8( if 7 is an associative symmetric bilinear form on 5, then 
the bilinear form 7 on 5 © W ® 5* defined by: ^[x + y + /, x' + y' + /') = 7(x, x') + B{y, y') + f [x') + 
/'(x), V(x, y, /), (x', y' , /') G 5 x W x 5*, is an associative scalar product on Z- Let us consider 71 = 21 the 
Albert form of S andthe bilinear form 72 = on 5 . It is clear that 71 et 72 are two linearly independant 
elements of 58(3^), so ind{Z) > 2 which contradicts the fact that ind{Z) = 1. Now, if Ann{Z) ^ {0}, 
then there exists b G Ann{Z) such that b ^ 0. Since Z is irreducible and -3 is not the one-dimensional 
algebra with zero product, then B(b,b) = 0. By Theorem 14.41 3 = Ka © W © Kb, where a G Z such that 
B{a, a) = 0, B{a, b) = 1 and W"*" = Ka © Kb . Let us consider the associative symmetric bilinear form T 
on Z defined by: T(a, a) = 1, and T{x, y) = 0, V(x, ?/) G 3 x 3 \ Ka x Ka. It is easy to see that B et T 
are two linearly independant elements of 25(3). therefore, ind{Z) > 2, which contradicts the hypothesis 
ind{Z) = 1. 



36 



We conclude that if ind{Z) = 1 , then Z is either a simple Jordan algebra or Z is the one-dimensional 
algebra with zero product. □ 

For any real Jordan algebra Z, we will denote by := Jf^RC its complexification which is a Jordan 
algebra over C. It is clear if (-3, B) is a real pseudo-euclidean Jordan algebra, then [Z"", B'^) is a complex 
pseudo-euclidean Jordan algebra where B'^ is the bilnear form on defined Z^ defined by: B^{x(^a, y®b) := 
abB{x, y), Vx, y £ Z, Va, 6 G C. 

Corollary 9.12 Let (ZtB) be a pseudo-euclidean Jordan algebra over C. Then the two following asser- 
tions are equivalent: 

1. ind{Z) = 1 

2. Z is either a simple Jordan algebra or Z is the one- dimensional algebra with zero product. 

Corollary 9.13 Let {Z,B) be a pseudo-euclidean Jordan algebra over R such that Z^ {0}. Then the 
following assertions are equivalent: 

(i) ind{Z) = 1, 

(a) ind{Z^) = 1 (i.e. dimcB{Z^) = I), 
(Hi) Z'^ is simple. 

Proof. By Corollary 19. 121 the assertions (m) and (iii) are equivalent. In the following we are going to 
prove that (i) and {ii) are equivalent. Assume that dimcB(3^) = 1. Let Ti, T2 be two associative scalar 
products on Z- For k 6 {1, 2}, we consider the symmetric bilinear form on Z^ defined by: 

Tk{x,y) ^Tk{x,y), fk{ix,iy) ^ -Tk{x,y), fk{ix,y) = iTk{x,y),yx,yeZ- 

It is easy to verify that Tk is an associative scalar product on j"'. Since dime -8(3"') = 1, then there 
exists A := a + j/3 G C such that Ti = AT2. In particular, for all x,y £ Z we have Ti{x,y) = Ar2(x,y), 
so Ti{x,y) = (a + i(3)T2{x,y). It follows that /3 = 0, consequently Ti — aT2. We conclude that 
dimRB(a) = 1. 

Conversely, assume that dimRi?(3) = 1. By Proposition 19.111 Z is simple. Suppose that dime -6(5'^) 7^ 
1. Then, by Theorem 19. 121 Z^ is not simple. Therefore Z admits a complexe structure. This means that 
there exists a simple complex Jordan algebra 6 such that Z = 6r is the underlying real algebra S. By 
Theorem 8.5.2 of [7], 6 admits an euclidean real form £, so Z = £ ® i£- Let 21 be the Albert form of £^ 
we consider the two bilinear forms Bi and B2 on Z defined by: 

Bi{xi +ix2,yi +iV2) = 2l(xi,2/i) -2l(a;2,y2), 

Bi{xi +ix2,yi +iV2) = 2l(xi,2/2) +2l(a;2,yi), Va;i, a;2, yi, 2/2 e £■ 

An easy calculation proves that Bi and B2 are linearly independent associative scalar product on Z which 
contradicts that ind{Z) — 1. We conclude that dime -6(3"') = 1. □ 

Definition 9.3 LetZ be a Jordan algebra. Z is called reductive ifZ = &(SAnn{Z) where & is a semisimple 
ideal ofZ- 
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Remark 9 If Z = o' ® Ann{Z) where S is a semisimple ideal of Z, then & is the greatest semisimple 
ideal of Z and & — &i where {Si, 1 < i < n} is the set of all simple ideals of Z- 

Corollary 9.14 Let {Z,B) he a pseudo-euclidean Jordan algebra andZi, ■■■,Zr (r G Nj be B— irreducible 
non-degenerate ideals of Z such that Z = find B{Zk,Zi) = {0}, for all k,l G {1, . . . ,r}. Then the 

following assertions are equivalent: 

1. ind{Z) = r. 

2. Z is reductive and dimAnn{Z) < 1- 

Proof. Suppose that ind{Z) ~ r. Let i G {l,...r}, we consider {Ta, Tm^} a basis of ^{Zi), where 
Ui = ind{Zi)- Now, for i G {1, ■■■,r} and j G {1, ...,ni}, we consider the bilinear form Tij : -J x -J ^ C 
defined by: Ty |^ ^_ — Tij, andTij{x,y) = 0, V{x,y) G 3 x 3 \ 3i x 5^. It is clear that the elements 

of Ui<i<r{^i' 1 < J < "J are linearly independant, so ind{Z) > J2i<i<r'^i = Z]i<i<r ^"'^(^i)- ^^'^^ 
ind{Z) = r, then ind{Zi) = 1, Vi G {l,...,r} (i.e. ^{Zi) = Vect{Ti'[]). Consequently, by Corollary 
l9.121 for all i in {1, ...,r}, Zi is either simple or the one-dimensional algebra with zero product. Let us 
suppose that there exist i ^ j G {1, r} such that Zi = Ca and Zj = C6 with = 6^ = and consider 
the symmetric bilinear form defined on Z by: T(a, b) = 1 and r(a;, y) = 0, V(x, j/) G J x ^ \ (Co x C6). 
It is clear that T is an element of 5^(3). Therefore, there exist ai, ...,0;^ G C such that T — X]i=i^«i- 
Which contradicts the fact that T{a,b) 7^ 0, so 5 is reductive with dimAnn{Z) < 1- 

Conversely, Assume that Z is reductive and dimAnn{Z) < 1- Then, without lost of generality, we 
can suppose that for all i G {2, r} Zi is simple and Zi is either simple or the one-dimensional algebra 
with zero product. It follows that for all i G {1, ■■■,r}, we have ind{Zi) = 1 and ~ CBi, where 

Bi := B\^ , . Now, If T is an associative symmetric bilinear form on Z, then Ti :— T\^ ^ is an 
associative symmetric bilinear form on Zi- Consequently, there exists (ai)i<j<r ™ ^ such that Ti — 
aiBi, Vi G {l,...,r}. Moreover, since 7^(5^,5*;) — 0, Vi k E {l,...,r}, then T = J2l=i^iBi where Bi is 
the bilinear form on Z defined by: Bi^^ = and -Bi(a;, y) = 0, Vx, y E Z x Z\Zi ^ Zi- Moreover, it is 

easy to see that the elements of {{Bi), 1 < i < r} are linearly independent. We conclude that ind{Z) = r. 
□ 

In the following result, we give a characterization of semisimple Jordan algebra by using the notion 
of index 

Corollary 9.15 Let {Z,B) be a pseudo-euclidean Jordan algebra and Zi, ---Zr (r G be B — irreducible 
non- degenerate ideals of Z such that Z = ®\=iZi cind B{Zk,Zi) — {0}, for all k,l G {1, . . . ,r}. Then the 
two following assertions are equivalent: 

1. Z is semisimple, 

2. 3^ = 3 and ind{Z) ~ r. 
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